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Abstract 

Wc prove that any diffcomorphism of a compact manifold can be C^-approximated by a 
diffcomorphism which exhibits a homoclinic bifurcation (a homoclinic tangency or a heterodi- 
mcnsional cycle) or by a diffcomorphism which is partially hyperbolic (its chain-recurrent 
set splits into partially hyperbolic pieces whose centre bundles have dimensions less or equal 
to two). We also study in a more systematic way the central models introduced in IC2I . 

Resume 

Hyperbolicite partielle loin des bifurcations homoclines. Nous montrons que tout diffcomor- 
phisme d'une variete compacte peut etre approche en topologie C 1 par un diffeomorphisme 
qui presente une bifurcation homocline (une tangence homocline ou un cycle heterodimensi- 
onnel) ou bien par un diffeomorphisme particllement hyperbolique (son ensemble recurrent 
par chaines se decompose en pieces partiellement hyperboliques dont les fibres centraux 
sont de dimensions au plus egales a 2). Nous ctudions egalement d'un point de vue plus 
systematiquc les modeles de dynamiques centrales introduits en IC2I - 
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Introduction 

0.1 Towards a characterisation of non- hyperbolic systems 

One of the goal of the dynamics is the study of the evolution of most systems. It appeared in the 
early sixties with Smale [S] that the dynamics on a compact manifold M can be well described 
from topological and statistical points of view for a large class of differentiable systems, the 
uniformly hyperbolic ones: these are the dynamics whose recurrence locus (the chain-recurrent 
set) decomposes into a finite number of invariant pieces whose tangent spaces split into two 
invariant subbundles TM = E s ® E u , the first being uniformly contracted and the second 
uniformly expanded. These dynamics have a nice property: they are stable (hence form an open 
set of systems). But they are not "universal": there exist open sets of systems which are not 
hyperbolic. 

Two simple obstructions for the hyperbolicity have been discovered. On the one hand Abra- 
ham and Smale [ASj have build an open set of diffeomorphisms such that two hyperbolic periodic 
orbits with different stable dimensions are linked by the dynamics: by perturbation one gets 
a diffeomorphism having a heterodimensional cycle, i.e. such that the stable manifold of each 
of these orbits intersects the unstable manifold of the other. On the other hand Newhouse [N] 
has obtained a C 2 -open set of diffeomorphisms which possess a hyperbolic set whose stable and 
unstable laminations have non-transverse intersections: by perturbation one gets hyperbolic 
periodic points whose stable and unstable manifolds have a homoclinic tangency. These two 
mechanisms have taken a major role in the study of non-hyperbolic dynamics, see |PT} IBDV] , 

Palis has proposed |Paj that these two obstructions characterise the non-hyperbolic systems. 

Palis conjecture. Any C r -diffeomorphism (r > 1) of a compact manifold can be ^-approxi- 
mated by a hyperbolic diffeomorphism or by a diffeomorphism having a homoclinic tangency or 
a heterodimensional cycle. 



2 



If this holds we would have on one side some systems whose global dynamics is well described 
and stable, and on the other side a dense set of systems presenting local bifurcations easy to 
detect (they involve periodic orbits and their local invariant manifolds) and which generate 
important changes on the dynamics. 

Due to the difficulties to perturb the orbits of a system in topology C r for r > 1, the main 
progresses have only been obtained for the C 1 -dynamics. On surfaces, the conjecture has been 



solved by E. Pujals and M. Sambarino |PSi| . In higher dimensions, some partial results have 
been obtained, for instance [W^JlPui]. 

One approach consists in studying the generic dynamics in the set Diff 1 (M) \ Tang U Cycl of 
diffeomorphisms far from homoclinic tangencies and in proving some hyperbolicity properties: 
various forms of weak hyperbolicity have been already considered. For instance, a splitting 
TM = E © F of the tangent bundle above an invariant set K is dominated if there exists n > 1 
such that for any x £ K and unitary vectors u £ E x ,v € F x one has ||D/ n .«|| < ||_D/ n .f||. 
A set K is partially hyperbolic if the tangent bundle above K admits a dominated splitting 
E s © E c © E u such that E s is uniformly contracted and E u is uniformly expanded (one allows to 
one of the bundles E s and E u to be degenerated but not both): the difference with the uniform 
hyperbolicity is the presence of a central bundle. Generalising the definition of hyperbolic 
diffeomorphisms, one defines the partially hyperbolic diffeomorphisms as the diffeomorphisms 
whose chain-recurrent set decomposes into finitely many invariant pieces, each of them being 
partially hyperbolic. 

One can also benefit from the recent progresses towards the understanding of general C 1 - 
generic dynamics. In particular, with C. Bonatti |BC| we have raised the interest of Conley's 
decomposition of the chain-recurrent set into (disjoint, invariant and compact) chain-recurrence 
classes. For a C 1 -generic diffeomorphism any chain-recurrence class which contains a hyperbolic 
periodic orbit O coincides with the homoclinic class H(0) of O: this is the smallest compact 
set which contains all the periodic orbits O' such that 0,0' are homoclinically related, that is 
such that the stable manifold of each of these periodic orbits intersects transversely the unstable 
manifold of the other. The chain-recurrence classes without periodic points are called aperiodic 
classes. 



0.2 Main results 

In W2 , L. Wen has shown that for any C 1 -generic diffeomorphism far from homoclinic bi- 
furcations the minimally non-hyperbolic sets are partially hyperbolic with centre bundles of 
dimensions smaller or equal to two. Our main result is a global version of this work. 

Main Theorem. There exists a dense G$ subset 7Z o/Diff 1 (M) \ Tang U Cycl such that any 
diffeomorphism f £ TZ is partially hyperbolic: 

- each homoclinic class H has a dominated splitting TuM = E s © E\ © E^ © E u which is 
partially hyperbolic and such that each central bundle E\,E^ has dimension or 1; 

- each aperiodic class C of f has a partially hyperbolic structure TqM = E s © E c © E u with 
dim(E c ) = 1. 

The Main theorem is a consequence of two results which provide more precise informations on 
the chain-recurrence classes of /: 
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Addendum A. Each homoclinic class H = H{0) of f £ TZ is "weakly hyperbolic": 

- H has a dominated splitting TjjM = E © F such that dim(E) is equal to the stable 
dimension of O . 

- There is a continuous family of "chain- stable" manifolds {T) x s ) x& h of dimension dim(E): 
for each point x £ H, T> x s is a C 1 -embedded disk tangent to E x contained in the chain 
stable set of H and there exist arbitrarily small open neighbourhoods U x of x in D x s such 
that the family (U x ) x£ h satisfies: 

f{TT x )czU f{x) . 

- There is a continuous family of "chain-unstable" manifolds (T> X U ) X £H of dimension dim(i ? ) 
satisfying the same properties for 

Moreover if the bundle E is not uniformly contracted, then: 

- there is a dominated decomposition E = E s © E\ such that E s is uniformly contracted and 
E\ has dimension 1, 

- the class H contains some periodic points q homoclinically related to O and whose Lya- 
punov exponent along E\ is arbitrarily close to 0. 

A similar property holds if F is not uniformly expanded. 



Addendum B. Each aperiodic class C of f € 1Z is a minimal set and its dynamics along the 
central bundle E c is "neutral": there is a continuous family of C 1 -embedded curves {T> x ) x ^c 
tangent to E x and there exist arbitrarily small open neighbourhoods U X ,V X of x in T> x s such that 
the families (U x ) xeH (p), (V x ) xeH (p) satisfy: 

f{U~ x )dU f{x) and r\V' x )(ZV r , {x) . 

In particular the Lyapunov exponent along E c for each invariant probability measure supported 
on C is equal to 0. 

Remark 0.1. The proof will show that the extremal bundles E s , E u of the aperiodic classes are 
not degenerated. For the homoclinic classes (different from the sinks and sources) the same 



result holds: this follows from |PSij IPS2I if dim(M) = 2 or if the central bundle (E^ © EQ has 



dimension 1; when the central bundle of the class is two-dimensional, this follows from ICPI. 



Remark 0.2. There are only finitely many homoclinic classes whose central bundle has dimension 
2 (see the end of section [6]) . 

Let us explain how this is related to other works. With Pujals we use these results for prov- 
ing |CPj that any C 1 -generic diffeomorphism far from the homoclinic bifurcations is essentially 
hyperbolic: there exists a finite number of hyperbolic attractors whose basin is dense in the man- 
ifold. Recently J. Yang has announced IY2I that a part of the Main Theorem can be extended 
to the diffeomorphisms far from the homoclinic tangencies: any aperiodic class of a C 1 -generic 
diffeomorphism / £ Diff 1 (M) \ Tang has a partially hyperbolic structure TM = E s © E c © E u 
with dim(£' c ) = 1. 

The setting of our proofs is the C 1 -generic dynamics far from the homoclinic tangencies. 
Three ingredients are used. 
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- Wen has shown |Wi| that the splitting into stable and unstable spaces above periodic 
orbits having a same stable dimension is dominated. 



One then uses Liao's selecting lemma in order to discuss the hyperbolicity properties of 
these splittings: when a bundle is not uniformly contracted or expanded, the dynamics 
contains a minimal set K which possesses a partially hyperbolic structure E s © E° © E u 
with dim(.E c ) = 1. The dynamics in the central direction E c is not well described by the 
dynamics of the tangent map, since all the measures supported on K have a Lyapunov 
exponent along E c equal to zero. 

One thus describes the dynamics in the central direction through a more topological ap- 
proach: this is done by using the central models introduced in IC2 1 - 



The main part of the paper is devoted to a more systematic study of the central models. The 
topological description of the central dynamics of a partially hyperbolic set can be illustrated in 
the simple case of a germ of an orientation preserving diffeomorphism / of K that fixes a point 
p. The dynamics falls in one of the following types (see figure H]): 



R 



N 



H 



P.5L 



Pun 



chain-recurrent neutral chain-hyperbolic 



parabolic 



Figure 1: Types for the central dynamics near a fixed point. 



- Chain-recurrent: a non-trivial interval of fixed points contains p. 

- Neutral: p is accumulated on both sides by wandering intervals that are mapped to the 
right and other that are mapped to the left. 

- Chain-hyperbolic: in the attracting case, p is accumulated on both sides by wandering 
intervals that are mapped towards p and there is no wandering interval mapped away 
from p. One defines similarly the chain-hyperbolic repelling type. 
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- Parabolic: one side is chain-hyperbolic attracting and the other chain-hyperbolic repelling; 
or one side is chain-hyperbolic and the other side is neutral. 



If the diffeomorphism is C -generic, we then prove that if the set K has chain-recurrent or chain- 
hyperbolic type or if it has parabolic type and is non-twisted, then K is contained in a homoclinic 
class. If K has parabolic type and a twisted geometry, one can get a heterodimensional cycle 
by perturbation. If K has neutral type and is contained in a larger chain-transitive set A, there 
exist in A some pseudo-orbit connecting K to a given point in A\K: the neutral property should 
imply that these pseudo orbits leave a small neighbourhood of K along the strong stable and 
strong unstable leaves of K; it is then possible to create a heterodimensional cycle. 

Acknowledgements. / am gratefull to Christian Bonatti, Rafael Potrie, Enrique Pujals, 
Martin Sambarino and Dawei Yang for their comments about this work. 

0.3 Notations and definitions 

We fix a diffeomorphism / G Diff 1 (M) and recall briefly some definitions. 

A sequence (z n ) in M is a e-pseudo-orbit if d{f{z n ), -2 n +i) is smaller than e > for each n. 
An invariant compact set K is chain-transitive if for any e > it contains a periodic e-pseudo- 
orbit that is e-dense in K. The maximal chain-transitive sets are the chain-recurrence classes: 
two classes are disjoint or equal. The union of the chain-recurrence classes is a compact set 
called the chain-recurrent set. If K is an invariant compact set, its chain-stable set is the set of 
points x that may be joint to AT by a e-pseudo-orbit for any e > 0; its chain-unstable set is the 
chain-stable set of K for / . 

The index of a hyperbolic periodic orbit O is the dimension of its stable space E s {0). Its 
homoclinic class H(0) is the closure of the transverse intersection points between the invariant 
manifolds W s (0) and W u {0). Two hyperbolic periodic orbits 0,0' are homoclinically related 
if both W s (0) n W u (0') and W u (0) n W s (0') contain transverse intersection points: the 
homoclinic class H{0) also coincides with the closure of the set of hyperbolic periodic points 
whose orbit is homoclinically related to O. A homoclinic tangency associated to a hyperbolic 
periodic orbit O is a non-transverse intersection point in W s (0) n W u {0). A cycle associated 
to two hyperbolic periodic orbits O, O' is the compact invariant set obtained as union of O, O' 
with two heteroclinic orbits: one in W s (0) n W u {0') and one in W u (0) n W s (0'). When the 
indices of 0,0' are different, the cycle is heterodimensional. 

If E is a continuous invariant one-dimensional bundle over an invariant compact set K and 
if fi is an invariant probability measure supported on K, the Lyapunov exponent of fi along E is 



A measure is hyperbolic if its Lyapunov exponents are all non-zero. 

Let K be an invariant set. A decomposition Tr-M = E © F of the tangent bundle over K 
into two linear subbundles is a dominated splitting if there exists an integer N > 1 such that for 
any point x G K and any unitary vectors u G E x and v G F x , we have 




2\\D x f I \u\\ < \\D x f I \v 
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(One says that the decomposition is N- dominated.) 

A linear subbundle E of Tr-M is uniformly contracted if there exists an integer N > 1 
such that for any point x G K one has HD^/^H < |. An invariant compact set K is partially 
hyperbolic if its tangent bundle decomposes as the sum of three linear subbundles E s © E c © E u 
(at most one of the two extremal bundles E S ,E U is non-trivial) so that: 

• The splittings E s © (E c © E u ) and (£" s © £ c ) © are dominated. 

• The bundle E s is uniformly contracted by / and the bundle E u is uniformly contracted 

by r 1 . 

The partially hyperbolic structure extends to any invariant compact set contained in a small 
neighbourhood of K. (We refer to |BDVj for a survey on the properties satisfied by partially 
hyperbolic sets and dominated splittings.) 

If K is an invariant compact set and E a continuous linear subbundle of T%M, a cone 
around E is a cone field defined on a neighbourhood of K induced by a neighbourhood of E in 
the unitary tangent space of M. 

Let K be a compact set which has a partially hyperbolic structure E S ®E C ®E U such that E c is 
one-dimensional. A periodic orbit O C K has a strong homoclinic intersection HW ss {0)\0 and 
^""(O) \ have an intersection. Strong homoclinic intersections sometimes produce heterodi- 
mensional cycles by C 1 -perturbation. The following proposition is proved in |Puit proposition 
2.4] and |Pu2t proposition 2.5]. 

Proposition 0.3. Let f be a diffeomorphism, U be a neighbourhood of f in Diff 1 (M) and K 
be a compact set which has a partially hyperbolic structure E s © E° © E u such that E c is one- 
dimensional. Then, there exists 5 > such that, for any periodic orbit O C K whose central 
exponent along E c belongs to [—5, 5] and which has a strong homoclinic connection there exists 
g €U which has a heterodimensional cycle. 

Moreover if U is a neighbourhood of O and V is an open set containing O and the homo- 
clinic orbit, then the heterodimensional cycle is contained in V and associated to periodic orbits 
contained in U. 



1 Non-hyperbolic dominated splittings 

In this section / is a diffeomorphism that is not the C 1 -limit of diffeomorphisms exhibiting a 
homoclinic tangency. We prove the existence of invariant compact sets having dominated and 
partially hyperbolic splittings with a one-dimensional central bundle. 



1.1 Existence of dominated splittings 

We first recall a theorem of Wen |Wi| (an improved version was proved by N. Gourmelon, 
see IGoH. 



Theorem (Wen). Let f be a diffeomorphism in Diff 1 (M) \ Tang and i G {1, . . . ,dim(M) — 1}. 
Then, the tangent bundle above the set of hyperbolic periodic points with index i has a dominated 
decomposition E © F with dim(E) = i. 



One can derive a uniform version of this result (see W2 lemmas 3.3 and 3.4]): 
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Corollary 1.1 (Wen). Let f be a diffeomorphism in Diff (M) \ Tang. Then, there exist a C 1 - 
neighbourhood hi of f , some integers N, v > 1, some constants 5q,C > and A > 1 such that, 
for any g G U and any periodic orbit O of g, the following property holds. 

Let E s © E c © E u be the decomposition of the tangent bundle TM over O into characteristic 
spaces whose Lyapunov exponents belong to ] — oo, —Sq[, [—Sq, Sq] and]5o, +oo[ respectively. Then, 

1) E c has dimension at most 1; 

2) the splitting E s © E° © E u is N -dominated; 

3) denoting by r the period of O, we have for any x G O, 

t/v—1 t/v—1 

J] \\Dffa(f(x))\\<C.\-T and JJ [[D f^tf'™ {*))\\ < CX' T . 

i=0 i=0 

Remark 1.2. Consider a diffeomorphism / whose periodic orbits are hyperbolic. By |Ci| any 
chain-recurrence class of / is the Hausdorff limit of hyperbolic periodic orbits associated to a 
sequence of diffeomorphisms that converges towards / in Diff 1 (M). A result of Pliss [PI] implies 
that there exists only finitely many sinks or sources whose exponents are all in the complement 
set of [5oi^o]- O ne deduces that there exists N > 1 such that all chain-recurrence classes of 
/ but maybe finitely many sinks and sources have a non-trivial dominated splitting that is 
iV-dominated. 

Using an improved version of Mane's ergodic closing lemma provided by [ABC] . one can 
extend these results to the ergodic measures. A similar result has been obtained independently 
by Yang [¥]]. 

Corollary 1.3. Let f be a diffeomorphism in Diff 1 (M) \ Tang. Then, there exist a C 1 - 
neighbourhood Li of f , some integers N, v > 1 and some constants 5, p > such that for any 
g £U and any ergodic measure p of g the following property holds. 

Let E s © E c © E u be the Oseledets decomposition of the tangent bundle TM at p-a.e. point 
into spaces whose Lyapunov exponents belong to ] — oo,—5[, [—5,5] and ]5, +oo[ respectively. 
Then, 

1) E c has dimension at most 1; 

2) the splitting E s © E c © E u is N -dominated (and hence extends to the support of 

3) for fi-a.e. point x we have 

fc-l k-l 

lim - J2teg\\Dffa(f(x))\\ < -p and Km - J>g WDfr^f-^M < ~P- 

i=0 i=0 

Proof. Let us consider the constants N, v, Sq, X given by Wen's corollary 11.11 above and choose 5 G 
(0, Sq) and p G (0, log(A)). By |ABQ proposition 6.1], there exists a sequence of diffeomorphisms 
(f n ) that converge toward / and for each f n there exists a periodic orbit O n with the following 
properties. The Lyapunov exponents of the orbits O n for f n converge towards the Lyapunov 
exponents of p for /; moreover the /^-invariant probability measures supported on the orbits 
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O n converge toward p. By Wen's corollary 11.11 each orbit O n admits an iV-dominated splitting 
E\ © E2 © E% such that the dimensions of E\, E2,E^ coincide with the dimensions of E S ,E C , E u . 
This implies that E c is trivial or one-dimensional. 

Since the domination extends to the closure, the support of p also carries an ^-dominated 
splitting Ei © E 2 © E 3 . It coincides with E s © E c © E u at /i-a.e. point, by definition of Oseledets 
splitting. This proves the first item. 

The third item of Wen's corollary and a classical argument due to Pliss now imply that a 
uniform proportion of points x in each orbit O n satisfies for any k > 0, 

fe-i 

-kp 



i=0 



Since the measures supported on the O n approximate the measure p, one deduces that the same 
property holds for / and the points x in a set X with positive //-measure. By ergodicity, p-&.e. 
point x has a forward iterate in X and hence satisfies 



lim l^2log\\Df^(r(x))\\<-p. 

i=0 

The same argument applies to the bundle E u . □ 



The classical Anosov closing lemma is still valid for hyperbolic ergodic measures of C 1 -diffeo- 
morphisms, provided that the Oseledets decomposition is dominated. 

Proposition 1.4. Let f be a C 1 -diffeomorphism and p a hyperbolic ergodic measure whose 
Oseledets decomposition E s © E u is dominated. Then p is supported on a homoclinic class: 
there exists a sequence of hyperbolic periodic orbits (O n ) whose index is equal to dim(E s ), that 
are homoclinically related together, that converge toward the support of p for the Hausdorff 
topology and such that the invariant measures supported on the O n converge toward \jl for the 
weak-* topology. 

Proof. By |ABQ lemma 8.4], there exists p > and an integer u > 1 such that for //-almost 
every point x £ M, the Birkhoff averages 

fe-i fc-i 

- j> g \\Dff ES (f( X ))\\, Vk E lo s \\Df^(r iw (m 

i=0 i=0 

converge when k — > +oo towards a number less than —p. One deduces that there exists C > 
and a set X with positive /i-measure such that for each point x £ X and each k > one has 

fe-i fe-i 

J] \\Dffa(f(x))\\ < C.e- k " and \{ \\D f^{f^ '(*))ll < ^ 

i=0 i=0 

This implies that one can find segments of orbits (x, . . . , f m (x)) in the support of p such that 
x, f m (x) belong to X, the distance d(x, f m (x)) is arbitrarily small and the (non-invariant) atomic 
measure ^ X^o 1 ^f*(x) 1S arbitrarily close to p. In particular for each < k < m one has 

Ef \\Dffa(r(x))\\ < C.e- k » and JJ \\D f^{r~™ {x))\\ < C.e^. (1.1) 

i=0 i=0 
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This property and the domination E S ®E U allow to apply Liao-Gan's shadowing lemma |Ga| : the 
segment of orbit (x, . . . f m (x)) is e-shadowed by a periodic orbit O = (y, . . . , f m (y) = y) where 
e goes to zero when d(x, f m (x)) decreases. In particular, O is arbitrarily close to the support of 
p for the Hausdorff topology and it supports a periodic measure arbitrarily close to the measure 
p. Note that the segment of orbit (y, . . . , f m (y)) satisfies an estimate like (jl.ip (with constants 
p', C close to p, C). Consequently the orbit O is hyperbolic and has index d\m(E s ). Repeating 
this argument, one obtains a sequence of such periodic points (y n ) whose orbits (O n ) converge 
toward p. By the estimate (jl.ip . the size of the local stable and local unstable manifolds at y n 
is uniform. Hence the periodic orbits O n are homoclinically related for n large. □ 

Let us sum up the previous discussions. 

Corollary 1.5. Let f be a diffeomorphism in Diff 1 (M) \ Tang and p be an ergodic measure. 
Two cases are possible. 

- Either p is hyperbolic. Its support is then contained in a homoclinic class having index 
equal to the dimension of the stable spaces of p; 

- or p has an unique Lyapunov exponent equal to and its support admits a dominated 
splitting E S ®E C ®E U which coincides p-a.e. with the Oseledets decomposition into stable, 
central and unstable spaces. 



1.2 Non-uniformly contracted bundles 



Let us now give a consequence of Liao's selecting lemma that improves some results in W2 . It 
allows to obtain minimal sets that have a partially hyperbolic splitting with a one-dimensional 
central bundle. 

Theorem 1. Let f be a diffeomorphism in Diff 1 (M) \Tang and Kq be an invariant compact set 
having a dominated splitting E®F. If E is not uniformly contracted, then one of the following 
cases occurs. 

1. Kq intersects a homoclinic class whose index is strictly less than dim(E). 

2. Kq intersects homoclinic classes H whose index is equal to dim(E) and which contain weak 
periodic orbits: for any 5 > 0, there exists a sequence of hyperbolic periodic orbits (O n ) 
that are homoclinically related together, that converge for the Hausdorff topology toward 
a compact subset K of Kq, whose index is equal to dim(E) and whose maximal exponent 
along E belongs to (—5,0). 

3. There exists an invariant compact set K C Kq which has a partially hyperbolic structure 
E s © E c © E u . Moreover dim(£' s ) < dim(£'), the central bundle E c is one- dimensional 
and any invariant measure supported on K has a Lyapunov exponent along E c equal to 0. 

Remark 1.6. In the second case there exists a dominated splitting E' © E c © F on the whole 
homoclinic class H such that dim(E) = dim(E' © E°) and E c is one-dimensional: indeed, by 
definition H contains a dense set of periodic points with index equal to dim(£') and whose largest 
Lyapunov exponent along E is close to zero. From corollary 11.11 one deduces that there exists 
on these periodic orbits a dominated splitting E' © E c © F such that dim(£') = dim(£^' © E c ) 
and E c is one-dimensional. The dominated splitting extend to the closure, hence to the whole 
H. 
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Proof. We first state a characterisation of not uniformly contracted bundles. If Eq C Tj^M is 
an invariant continuous subbundle over an invariant compact set K C Kq and fi is an invariant 
measure supported on K, then we denote by \ + (Eq,h) (resp. \~(E ,fi)) the maximal (resp. 
minimal) Lyapunov exponent of \i along Eq. If Eq is one-dimensional, we just write X(Eq,/j,). 

Claim 1.7. The bundle Eq is not uniformly contracted if and only if there exists an invariant 
ergodic measure /j,q supported on K such that A + (Eq,^) > 0. 

Proof. Note that Eq is uniformly contracted if and only if for any unitary vector v £ Eq, there 
exists n > 1 such that ||D/ n .u|| < ||u||. 

Let us first assume that Eq is not uniformly contracted: there exists a unitary vector v £ Eq 
such that for all k > one has ||-D/ fc .f|| > \\v\\. One deduces that there exists a probability 
measure (1q on the unitary bundle associated to Eq which is invariant by Df and whose evaluation 
on the function v \— > log is non-negative. This measure projects to an /-invariant 

measure /jLq on K such that \ + (Eq,/j,q) > as required. The converse part is clear. □ 

Let us now come to the proof of the theorem. We will assume that the first case of the 
theorem does not occur. 

Claim 1.8. If we are not in the first case of the theorem, there exists an invariant closed subset 
K C Kq which admits a dominated splitting E s © E c © F' such that 

- E s is uniformly contracted and has dimension dim(E s ) < dim(-E), 

- E c is one- dimensional, for any invariant measure fj, supported on K the exponent \(E C , /i) 
is non-positive, and there exists a unitary vector v 6 E c such that 

Vk>0, \\Df k .v\\ > \\v\\. (1.2) 

Proof. Since E is not uniformly contracted, one considers an invariant ergodic measure jiQ 
supported on Kq and such that \ + {E,hq) > as given by claim [1771 By corollary 11.51 the 
set K = Supp(^o) has a dominated decomposition Eq © Fq such that dim(£'o) < dim(.E), 
\ + (Eq,hq) < and X~(Fq 1 hq) > 0. One may choose such a measure fiQ and a set K such 
that dim(-Eo) is minimal. Using again the claim [L~T1 this implies that the bundle E s := Eq is 
uniformly contracted on K. 

If jiQ is hyperbolic, then by corollary 11.51 the set K C Kq is contained in a homoclinic class 
with index equal to A\m{E s ) and we are in the first case of the theorem, contradicting our 
assumption. We thus have X~(Fq,/iq) = so that by corollary 11.51 the bundle Fq decomposes 
as a dominated splitting E c © F' where E c is one-dimensional and satisfies \{E c ,^lq) = 0. In 
particular E c is not uniformly contracted and as in the proof of the claim ll.7[ there exists a 
unitary vector v € E c such that (|1.2p holds, as announced. 

For any other invariant measure [i supported on K, the exponent \((i,E c ) should be non- 
positive: otherwise /i would be hyperbolic with stable dimension smaller than dim(E) and 
corollary 11.51 would imply that we are in the first case of the theorem, contradicting our assump- 
tion. □ 

Let K be an invariant compact set as in the previous claim. Let us consider the family of 
invariant closed subsets K' C K such that (|1.2p holds for some unitary vector v € E^,. This 
family is invariant under decreasing intersections, hence one can replace K by some subset K' 
in this family which is minimal for the inclusion; by this argument, one can assume furthermore: 
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(*) For any invariant closed proper subset K' C K, the bundle E C K , is uniformly contracted. 
(In the case K holds a minimal dynamics, property (*) is obviously empty.) 

For any ergodic measure {x supported on K the exponent X(E c ,fi) is non-positive. If 
\(E c ,[i) = for any fi, then we are in the third case of the theorem. It remains to con- 
sider the case, for some invariant ergodic measure fi supported on K the exponent X(E c ,fi) is 
negative. Let us define L < as the supremum of the negative exponents \(E c ,fj,) over all such 
measures. 

In the case L is zero, for each 5 > 0, there exists an ergodic measure ji supported on K 
such that \(E c ,fj>) belongs to (—(5,0). If 5 is small enough, by corollary 11.51 this measure is 
hyperbolic and its stable bundle coincides with E' = E s © E c . Consider as in proposition 11.41 a 
sequence of periodic orbits O n close to K whose associated invariant measures converge toward 
[i. Then, these orbits are homoclinically related, and their maximal Lyapunov exponent along 
E' (i.e. their exponent along E c ) converges toward \(E c ,fi), hence belong to (—5,0). Their 
index dim(£") is not greater than dim(E) by definition, is not smaller either since we are not 
in the first case of the theorem, hence E = E' on K. We have shown that we are in the second 
case of the theorem. 

In the case L is negative, we introduce the splitting E' @F' := (E s © E c ) © F' over K . Using 
the domination E' = E s © E c , one sees that there exists some integer v > 1 and a positive 
constant e <C L such that ||D/ig,|| < e £n ".||-D/|£ C ||. By property (*), any invariant closed subset 
K' C K supports an ergodic measure \i whose exponent \(E°, fi) is negative, hence smaller than 
L. With (jl.2p above, the following properties are satisfied. 

(a) There exists y € K such that for any k > 0, 

fc-i 

]l\\Dffa(f b '(],))\\>\\DfJ%,(3,)\\>l- 

i=0 

(b) For any invariant compact set K' C K, there exists a point x £ K' such that for any 
k > 0, 

fc-l 



I \\Dffe{r{x))\\ < e ke .\\Df*% c {x)\\ < e- k ^ L - £ \ 



i=0 



These properties allow to apply Liao's selecting lemma and its consequences (see |W2t propo- 
sition 3.7 and lemma 3.8] and IW3I ): for any 5 > 0, there exists a sequence of periodic orbits 
(O n ) which converge to a subset of K for the Hausdorff topology, that are homoclinically related 
and whose maximal exponent along E' (i.e. their exponent along E c ) belongs to (—6,0). One 
concludes as in the case L = 0: we are in the second case of the theorem. This ends the proof 
of theorem [TJ □ 

1.3 Minimally non- hyperbolic sets 

Theorem [1] implies in particular one of the main results of IW2 



Theorem (Wen). Let f be a C 1 -generic diffeomorphism in Diff 1 (M) \ TangUCycl. Then, 
any minimally non-hyperbolic chain-transitive set K is partially hyperbolic; its central bundle is 
either one- dimensional or the dominated sum of two one- dimensional bundles. 
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Remark 1.9. With the same proof one obtains also a result due to S. Gan, D. Yang and 
Wen |GYWj : any minimally non-hyperbolic chain-transitive set K of a C 1 -generic diffeomor- 
phism in Diff (M) \ Tang has a dominated decomposition 

T K M = E S ®E C ®E U 

where E S ,E U are uniform. Moreover in the case dim(-E c ) > 1, the set K is contained in a 
homoclinic class whose set of indices contains i\ = dim(E s ) + 1 and %2 = dim(E s © E c ) — 
1. From jABCDW] . all the i 6 • • • are also indices of the class and consequently, F 
decomposes as the dominated sum of one-dimensional central invariant bundles. 

Proof. Since / is C 1 -generic, one can assume by |BCj that all the homoclinic classes of / are 
either disjoint or equal and that K is either contained in a homoclinic class or disjoint from all 
of them. Since / is C 1 -generic and belongs to Diff 1 (M) \ Cycl, [ABCDWl section 2.4] implies 
that each homoclinic class has a unique index. Let us assume that K does not contain a non- 
hyperbolic set K' with a partially hyperbolic splitting and a one-dimensional central bundle: 
in this case one would have K = K' (by minimality property of K) and the conclusion of the 
theorem would hold. 

Let us consider a dominated splitting E © F over K. If E is not uniformly contracted, then 
theorem [T] applies. The third case of the theorem can not occurs since K does not contains 
a non-hyperbolic set which has a partially hyperbolic structure and a one-dimensional central 
bundle. If one of the two first cases occurs, K meets a homoclinic class with index smaller than 
or equal to dmx{E). 

Note that one can consider on K the trivial dominated splitting TjfM©{0} and that the first 
bundle is not uniformly contracted by assumption, so the previous argument applies, proving 
that K is contained in a homoclinic class H(P). Since / belongs to Diff^M) \ Tang, Wen's 



theorem in Wi| implies that H(P) (and K) has another dominated splitting E © F such that 



dim(E) coincides with the index of P. Since K is not hyperbolic either E is not uniformly 
contracted or F is not uniformly expanded. 

If E is not uniformly contracted, since the index of H{P) is unique and equal to dim(E), we 
are in the second case of theorem [TJ In particular, the bundle E splits as a sum E' © E\ where 
E\ is one-dimensional. The bundle E' is uniformly contracted since otherwise one can apply 
theorem [T] again to the splitting E' © {E\ © F), contradicting the fact that the index of H{P) 
is unique. 

If F is not uniformly expanded, the same arguments hold and prove that F splits as a 
dominated decomposition E%(BF' where E^ is one-dimensional and F' is uniformly expanded. □ 



1.4 Spreading the dominated splittings 

In the previous sections we obtained some partially hyperbolic sets K with a one-dimensional 
central bundle. In the case K is minimal, we explain here how the dominated decomposition on 
K extends to a larger set. 

Proposition 1.10. Let f be a diffeomorphism in a dense G$ set TZExt C Diff (M) \ Tang and 
let K be a minimal set which has a partially hyperbolic splitting E s © E c © E u such that E c 
is one- dimensional and any invariant measure supported on K has a Lyapunov exponent along 
E c equal to 0. Then, for any chain-transitive set A that strictly contains K , there exists a 
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chain-transitive set A' C A that strictly contains K and there exists a dominated decomposition 
E\® E c © E% on A' that extends the partially hyperbolic structure of K. 

At several times in the paper we will use the following result. 

Lemma 1.11. Let A be a chain-transitive set, K C A be a minimal set and assume that there 
exists a neighbourhood U of K having the following property: 

(I) Any chain-transitive set A satisfying K C A C U D A coincides with K . 

Then there exists an invariant compact set A + C U H A and a point x + G U \ A + n A such that 

- A + contains K and uj(x + ); 

- for any e > and z G A + ; there exists a e-pseudo-orbit of f in A + that joints z to K. 

There also exists a compact set A - C U H A and a point x~ £ U \ A~ n A such that the same 
properties hold if one replaces f by f . 

Moreover for any such pairs (A + ,x + ) and (A~,x~) one has A~ n A + = K. 

Proof. Let us fix a point xq G A \ U and a much smaller neighbourhood U' C U of K For any 
£ > 0, there exists a e-pseudo-orbit (zq, . . . , z n ) in A with zq = xq and z n G K. Let Z{ be the 
last point of the pseudo-orbit outside U'. We will only use the suborbit (zi, . . . , z n ). 

We claim that there exists r] > and for each e > and each e-pseudo-orbit (z^, . . . , z n ) there 
exists a point Zj such that the ball B(zj,rf) does not contain any other point Zk for i < k < n 
and k / j. Indeed if this fails, then any limit set X for the pseudo-orbits (zi, . . . , z n ) as e goes 
to would be an invariant compact set whose induced dynamics is chain-recurrent; as X is 
contained in U and strictly contains K, this contradicts the assumption (I). 

One may extract a sequence of pseudo-orbits {zj, Zj+i, ■ ■ ■ , z n } which converges as e goes to 
zero toward a compact set Z + and such that the points Zj converge toward a point x + G Z + . 
By construction Z + is compact, forward invariant, included in U(~)A and contains K. For every 
e > and every point z G Z + , there exists a e-pseudo-orbit in Z + that joints z to K. By 
our hypothesis on Zj, the point x + is non-periodic and isolated in Z + , hence it is disjoint from 
K. One deduces that the set A + = Z + \ {f n (x + ),n > 0} is compact, contains lo(x + ) and is 
invariant by /, as required. 

The same construction holds if one replaces / by This gives a point x~ and a set A - . 
The set A - n A + contains K, is invariant and chain-transitive; by (I) it coincides with K. □ 

We recall a consequence of the connecting lemma for pseudo-orbits (see |Cit theorem 7]). 

Lemma 1.12. There exists a dense G$ subset IZchain C Diff 1 (Af) of diffeomorphisms f having 
the following property. Let X C M be a compact set and let x, y G X be two points such that 
for any e > 0, there exists a e-pseudo-orbit in X that joints x to y; then, for any e > 0, there 
exists a segment of orbit (z,... ,f n (z)) contained in the e -neighbourhood of X such that z and 
f n (z) are e-close to x and y respectively. 

We also recall Hayashi's connecting lemma [H] (see also |Cij theorem 5]). 
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Theorem (Hayashi). To any f G Diff 1 (M) and to any neighbourhood IA of f is associated an 
integer N > 1 such that any non-periodic point x G M admits two neighbourhoods W C W 
with the following property: for any p,q G M \ (f(W) U • • • U f N ~ 1 {W)) such that p has a 
forward iterate f np (p) and q a backward iterate f~ nq {q) which both belong to W , there exists a 
perturbation g £ IA of f with support in the sets W, f(W), . . . , f N ~ 1 (W) such that q coincides 
with a forward iterate g m {p) of p by g. 

Moreover {p, g(p) . . . , g m (p)} is contained in the union of the orbits {p, f(p) . . . , f np (p)}, 
{f~ nq (q), ■ ■ ■ , q} and of the neighbourhoods W, . . . , f N (W). Also the neighbourhoods W, W can 
be chosen arbitrarily small. 

One can now come to the proof of the proposition. 

Proof of proposition FTTR Let IZ-Ext be the set of diffeomorphisms that belong to TZchain and 
whose periodic orbits are hyperbolic. Let us assume that / belongs to IZExt and prove the 
proposition. One fixes 5q > as in corollary 1 1 . 1 1 and a small neighbourhood IA of / in Diff 1 (M). 

One can assume that for some arbitrarily small neighbourhood U of K the isolation assump- 
tion (I) is satisfied since otherwise the conclusion of the proposition holds obviously. If U has 
been chosen small enough, then for any invariant measure in U the exponent along E c belongs 

to (-<5o,<5o)- 

Let x + ,x~ be two points in A and A + , A~ be two subsets of A as given by lemma H.lll One 
applies the connecting lemma and finds an integer N > 1 and some neighbourhoods W + C W + , 
W~ C W~ at x + and x~ respectively. If the neighbourhoods are chosen small enough, the 
following is satisfied. 

- All the iterates f l (W + ), f~ 3 (W~) for < i,j < N are pairwise disjoint and have closures 
disjoint from the set A + U A~. 

- The iterates f l (W + ) for < i < N are disjoint from the backward orbit {f~ k (x~), k > 0}. 

By lemma [1.121 there exists a segment of orbit (xo, ■ ■ ■ , / (xo)) contained in a small neighbour- 
hood of A such that x £ W~ and f e (xo) G W + . 

By the connecting lemma there exists a perturbation ho G IA of / supported in the f k {W + ) 
for < k < N such that the orbit of xq contains the forward orbit {/*(x + ),i > m} for some 
m large. Note that the sets A + U A - and the backward orbit of x~ have not been modified 
by the perturbation. One can apply the connecting lemma a second time (using the fact that 
the f l (W~), f 3 {W~) for < i,j < N are pairwise disjoint) and find a perturbation hi of ho 
supported in the f~ k {W~) for < k < N such that the backward orbit {f~ t (x~),i > m~} 
and the forward orbit {f l (x + ),i > m + }, for some m~,m + large, are connected. Moreover h± 



still belongs to IA. (This way to compose perturbations with disjoint supports is detailed in [C 
section 2.1] and is related to the lift axiom of [PR[ section 2].) We denote by x a point of this 
"heteroclinic" orbit for h\ from A - to A + . 

Since the set A = A + U A~ has a dominated splitting E s © E c © E u , and since the orbit 
of x accumulates on this set in the future and in the past, there exist at x some (unique) 
tangent subspaces E% C E^ u such that D(hi)~ n .E% and D(hi)~ n .E^ u accumulate as n goes 
to oo towards the bundles E u and E c © E u respectively. Similarly there exists at h\{x) two 
subspaces E^,-, C E^, x \ such that D{h\) n -E^,^ and D(h\) n .E™,-. accumulate as n goes to 
oo towards the bundles E s and E s © E c respectively. By a C 1 -small perturbation h of hi at x, 
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one can ensure that Dh.E^ u is transverse to E^s and that Dh.E™ is transverse to Ef^y Hence 
the dominated splitting on A extends to the orbit of x. 

We now realise a C 1 -small perturbation g of h which possesses a periodic orbit O contained 
in an arbitrarily small neighbourhood of A U {h n (x),n S Z} and has a point close to x. By 
construction, there exists a large forward iterate h L (x) and a large backward iterate h~ L (x) 
which coincide with some large iterates f n+ {x + ) and f~ n (x~). By lemma [1.121 there exists an 
orbit (£, /(C)) • • • j / r (0) contained in an arbitrarily small neighbourhood of 

{f n (x + ),n > n+} U A U {/""(aT), n > n~} 

such that C is close to f n+ (x + ) and / r (C) is close to f~ n (x~). One deduces that h~ L {Q and 
h r+L (( t ) are close to x. By the connecting lemma applied at x, one can close as required the orbit 
of £ by a perturbation g. Note that the period r + 2L of the obtained orbit is arbitrarily large if 
C is chosen close enough to f n+ (x + ), and that r iterates are contained in a small neighbourhood 
of A. This implies that the (dim(E s ) + l)-th exponent of O belongs to (— <5o,<5o). 

We have shown that there exists a sequence of diffeomorphisms (g n ) which converge to /, 
and a sequence of periodic orbits (O n ) which converge toward an invariant compact subset 
A' of A which strictly contains K (it contains x~ and x + ). Moreover each orbit O n has a 
(dim(E s ) + l)-th Lyapunov exponent in (—6q,5o), hence by corollary ll.il O n holds a dominated 
splitting £"3® E^® E3 with dim(i?2) = 1 and dim(-E'i) = dim(£' s ). Since the splitting is uniform, 
it can be passed to the limit set A'. By uniqueness of the dominated splittings, E s © E c © E u 
and Ei © E 2 © E 3 coincide on K. □ 

Remark 1.13. Under the setting of proposition [TTTOl an additional property is satisfied (that we 
will not use later): 

The set A' is the Hausdorff limit of periodic orbits of index dim(E s ) whose Lyapunov exponent 
along E c is arbitrarily close to zero. 

The proof uses the results proved in sections [2] and [H Let us give a sketch, in the case the 
isolation property (I) is satisfied, this is a consequence of the proof of proposition 11.101 If the 
isolation property (I) fails, the set A' may be chosen in an arbitrarily small neighbourhood of 
A, hence it is partially hyperbolic; moreover by |Ci| , A 1 is the Hausdorff limit of a sequence of 
periodic orbits (0' n ). If all the measures supported on A' have a Lyapunov exponent along E c 
equal to zero, then the central Lyapunov exponents of the orbits 0' n are close to zero and the 
additional property holds again. In the remaining case, the discussion of section [2] will imply that 
the dynamics in the central direction is either chain-transitive or chain-hyperbolic: in both cases 
by the results of section [U A 1 is limit of periodic orbits (0' n ) that are homo clinically related to 
each other in a small neighbourhood of A' . One may consider smaller sets A" C A' and the same 
argument implies that A" is the limit of periodic orbits (0'£) that are homoclinically related to 
the 0' n in a small neighbourhood of A'. Note that the central exponents of the periodic orbits 
O" are arbitrarily close to zero if A" is close enough to K. Since / is C 1 -generic, the periodic 
0' n and are homoclinically related. By the transition property |BDPj . there exists periodic 
orbits close to A' for the Hausdorff topology and whose central exponent is close to zero. This 
is the required property. 
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2 Central models 



Let / be any diffeomorphism in Diff 1 (M) and K be a chain-transitive compact set which has 
a dominated splitting T^M = E\ © E c © £3 where E c is a one-dimensional subbundle. In this 
section we analyse in a neighbourhood of K the dynamics that is "tangent to E°" and study 
the expansivity property of K. The description is topological and gives some information even 
when the Lyapunov exponents of K along E c are all zero. In the two first sections we recall 



definitions and results from C; 



2.1 Construction and definition 

The plaque family theorem [HP SI theorem 5.5] associates to any invariant compact set K, 
which has a dominated decomposition E\ © E c © £3, a plaque family tangent to E c (not unique 
in general). This is a continuous map T> c from the linear bundle E c (over K) into M satisfying: 

- for each x G K, the induced map T> x : E x — > M is a C 1 -embedding that is tangent to E x 
at the point T> x (0) = x; 

- (V^xeK is a continuous family of C 1 -embeddings of E x into M; 

- the plaque family is locally invariant, i.e. there exists a neighbourhood U of the section 
in E c such that for each x G K, the image of V x (E x f]U) by / is contained in V^^JEf^). 

The last property allows to lift the dynamics of / as a fibred dynamics / on the bundle E c that 
is locally defined in a neighbourhood of the (invariant) section 0. 

In our setting K is chain-transitive and E c is one-dimensional. So, two cases occur. 

— The orientable case. There exists a continuous orientation of the bundle E c that is pre- 

served by Df. Taking the opposite orientation, one gets exactly two preserved orien- 
tations: equivalently, the unitary bundle UE C decomposes as the union of two disjoint 
chain-transitive sets. The bundle E c may be trivialised as K x R in such a way that 
the lifted dynamics / is fibrewise orientation preserving. One can thus study separately 
the dynamics of / on K x [0, +00) and K x (— 00, 0]. In the following, we consider these 
dynamics as two fibred systems f + and /~ on K x [0, +00) where K = K. 

— The non- orientable case. There does not exist any continuous orientation of the bundle 

E c that is preserved by Df. Equivalently, the dynamics of Df on UE C is chain-transitive. 
Writing any element v G E c as a product t.v with (v, t) G UE C x [0, +00), the dynamics 
of / may be considered on the space K x [0, +00) where K = UE C . 

The fibred systems f~,f + or / on K x [0, +00) are central models associated to the dynamics 
of / along the central plaques V x of K. 

More generally, in IC2I we defined (abstract) central models (K, /) where the basis K is a 
compact metric space and / is a continuous map K x [0, 1] — > K x [0, +00), such that 

- f(K x {0}) = K x {0}, 

- / is a local homeomorphism in a neighbourhood of K x {0}, 

- / is a skew product and takes the form f(x,t) = /^(x, t)). 
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2.2 Classification 



Definition 2.1. Let (K,f) be a central model. 

A chain-recurrent central segment is a (non-trivial) segment / = {x} x [0, a] contained in a 
chain-transitive /-invariant compact subset of K x [0, 1]. 

An open neighbourhood S of K x {0} is a trapping strip if, for any point x £ K, the intersection 
5 n ({x} x [0, +oo)) is an interval and if f(S) C S. 

The chain-stable set of K x {0} is the set of points z € K x [0,1] such that for each e > 0, 
there is a e-pseudo-orbit (z , . . . , z n ) in K x [0, 1] with z = z and z n G if x {0}. (One defines 
symmetrically the chain-unstable set.) 

The following result restates jC^t section 2]. 

Proposition 2.2. Let (K,f) be a central model whose basis is chain-transitive. Then, four 
disjoint cases are possible: 

- The chain-stable and the chain unstable sets are both non-trivial. Equivalently, there exists 
a chain-recurrent central segment. 

- The chain-stable and the chain-unstable sets of K x {0} are trivial: they are reduced to 
K x {0}. Equivalently, there exist arbitrarily small neighbourhoods of K x {0} that are 
trapping strips for f and arbitrarily small neighbourhoods that are trapping strips for f . 

- The chain-stable set contains a neighbourhood of K x {0} and the chain-unstable set is 
trivial. In particular, there exist arbitrarily small neighbourhoods of K x {0} that are 
trapping strips for f . 

- The chain-stable set is trivial and the chain-unstable set contains a neighbourhood of K x 
{0}; this case is symmetrical to the former one. 

Proof. Let us first recall the results in |C2j section 2.5]. The chain- unstable set is trivial if and 
only if there exist arbitrarily small neighbourhoods of K x {0} that are trapping strips for /. 
Moreover if there is no chain-recurrent central segment then the chain-stable set is either trivial 
or contains a neighbourhood oi K x {0}, and the same holds for the chain- unstable set. 

From this one easily gets the equivalences in the two first cases of the proposition. If we are 
not in one of these two cases, no chain-recurrent central segment exists, either the chain-stable 
or the chain-unstable set of K x {0} is trivial, and the other set contains a neighbourhood of 
K x {0}. As a consequence we are in one of the last two cases of the proposition. □ 

Let us come back to the description of the dynamics along the central plaques T> c x for an 
invariant compact set K as considered in the introduction of section [2j Using proposition 12.21 
one gets the four following (non-disjoint) types (see also figure [Q). 

— Type (R), chain-recurrent. For any cone C around E° and for any e > 0, there exists 
a point x G K and a non-trivial C 1 -curve 7 containing x and contained in the chain- 
recurrence class of K, such that for any n 6 Z, the iterate f n (^) remains tangent to C and 
has a length bounded by e. The curve 7 is called a central segment of K. 
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— Type (N), chain-neutral. There exist arbitrarily small neighbourhoods of the section in 

E c that are attracting for /, and arbitrarily small neighborhoods that are attracting for 

r 1 . 

— Type (H), chain- hyperbolic. There exists arbitrarily an small closed neighbourhood of 

K x {0} in E c that is mapped into its interior by / (in the attracting case) or by / 
(in the repelling case) and whose image by T> c is contained in the chain-stable or in the 
chain-unstable set of K respectively. 

— Type (P), chain-parabolic. We are in the orientable case. Different situations occur. 

- Type (Psu)- For one central model, K x [0, +00), there exists arbitrarily small 
neighbourhoods of K x {0} that are trapping strips for / + and which projects by T> c 
in the chain-stable set of K; for the other one, K x (— 00, 0], there exists arbitrarily 
small neighbourhoods of K x {0} that are trapping strips for (Z")" 1 and which 
projects by D c in the chain-unstable set of K. 

- Types (Psn) and (Pun) respectively. For one central model, K x [0, +00), there 
exists arbitrarily small neighbourhoods of K x {0} that are trapping strips for f + 
(resp. for (/ + )~ 1 ) and which projects by T> c in the chain-stable set of K (resp. in 
the chain-unstable set of K); for the other one, K x (— 00, 0], there exists arbitrarily 
small neighbourhoods of K x {0} that are trapping strips for /~ and there exists 
arbitrarily small neighbourhoods of K x {0} that are trapping strips for (/~) _1 . 

Remarks 2.3. a) For types (R), (N), (H), one considers the chain-stable and chain-unstable 
sets and the chain-recurrence classes for the dynamics of / in M and not only in the 
central models. Since the chain-recurrence class of K can be much larger than K, the 
global dynamics of / is used in this definition. In particular, the four types are not 
disjoint; proposition 12.21 however says that they cover all the cases. One could have been 
more restrictive in the definition, considering only pseudo-orbits in the central models: 
one would have obtained four disjoint types. But the definition we have chosen here will 
be more adapted to our needs. 

b) If K has type (N), this also holds on subsets K' C K. UK has type (R), this also holds 
on larger sets K' D K . 

c) If K has type (N) or (P), all the Lyapunov exponents along the bundle E c for the invariant 
measures supported on K have to be equal to zero. In particular there is no hyperbolic 
periodic orbit in K, the bundle E\ is uniformly contracted and the bundle £3 is uni- 
formly expanded. Any periodic orbit contained in a small neighbourhood of K has also a 
Lyapunov exponent along E c close to 0. 

If K has type (H) attracting (resp. repelling), all the Lyapunov exponents along the bundle 
E c have to be non-positive (resp. non- negative) . In particular the bundle E\ (resp. E3) 
is uniformly contracted (resp. expanded). 

d) "Having type (N), (H)-attracting or (Psn)" is equivalent to the existence of arbitrarily 
small neighbourhoods of the section in E c that are trapping strips for /. Since E\ is 
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uniformly contracted in these cases, one can choose a plaque family T> cs tangent to E\®E C 
over K which satisfies the following trapping property: 

VxGK, f(W)cVf (x) . 

2.3 The type is well defined 

We now prove that the type of a set is well-defined and does not depend on the choice of a 
plaque family D c . This is clear for type (R) since the definition does not involve the choice of a 
central model. For the other types, this is based on the following classical lemma. 

Lemma 2.4. Let f be a diffeomorphism and K be an invariant compact set which has a dom- 
inated splitting E\ © E%- Then there exists r > such that any plaque family D tangent to E\ 
whose plaques have a diameter bounded by r and satisfy the trapping property 

also satisfies the following: 

— Uniqueness. IfT>' is another plaque family tangent to E\ then there exists a neighbourhood 

U of the section in E\ such that T> X (U X ) C T>' x for each x G K . 

— Coherence. There exists e > such that for any points x,x' G K that are e-close with 

x' G T> x , one also has f(T> x ) C T)^ x iy 

Proof. Since K has a dominated splitting E\ © E2, there exists a neighbourhood V of K where 
a locally forward invariant cone field C around the direction E2 is defined. One chooses r > 
small so that the plaques of T> over K are contained in V . 

We prove the uniqueness. There exists a neighbourhood U of the section in E\ such that 
for each x G K and for each z G T> X (U X ) there exists a curve 7 tangent to C which connects 
z to a point of T>' x . By forward iterations f n {^f) is still contained in V, tangent to the cone 
C and connects the plaques and T>'^ n ,y Let a C V x and a' C V' x be two curves that 

connect x to the endpoints of 7. If th elength of 7 is non-zero, due to the domination, for n 
large the lengths of f n (cr) and / n (<r / ) decrease exponentially faster than the length of f n (^), 
which contradicts the triangular inequality. One thus deduces that V X (U X ) is contained in V' x 
as announced. 

The argument for proving the coherence is similar: f{Vf-i^) is a compact neighbourhood 
of x in T> x . If x,x' are close enough, then for any point z € f(T>j-i^) there exists a curve 7 
tangent to C which connects z to a point of T> x >. As before one deduces f(T>f-ir x \) C T> x r. By 
the trapping property one has f(x') G T^f(x)i so the same proof gives also f{V x ) C T>fr x iy □ 

Lemma 2.5. Let f be a diffeomorphism, K be a chain-transitive set which has a dominated 
splitting E\® E c © E3 such that E c is one- dimensional and T> c be a plaque family tangent to E c 
having type (N) or (H)- attracting. Let D cs be any plaque family tangent to E\ © E c . Then, 

- there exists a neighbourhood U of the section in E c such that for each x G K one has 
V C X (U X )CV X S ; 
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- any other plaque family D c ' tangent to E c has also type (N) or (H) -attracting. 

Proof. Reducing the plaques D°, one may assume that they satisfy the trapping property stated 
in lemma [2~H (see remark r2.31 d). Arguing as in the previous lemma one gets the first item. 

Since E c has type (N) or (H)-attracting, the bundle E\ is uniformly attracting and the 
plaques V cs are foliated by strong stable manifolds tangent to E\ . Since V c satisfies the trapping 
property and is contained in V cs , one deduces that V cs can be chosen to satisfy also the trapping 
property. 

If D c , T> cl are two plaques families tangent to E c , then by the first item one can assume 
that they are contained in the plaques of T> cs . The central dynamics along T>° and T> c ' are 
conjugated by the strong stable holonomies: this proves that if a central model associated to 
T> c has a small neighbourhood which is a trapping strip for / or / , then the same holds for 
a central model associated to T> cl '. Hence if T>° has type (N), T> c ' has type (N) also. If T> c has 
type (H)-attracting, then the central models associated to T> c ' have arbitrarily small trapping 
strips and the plaques T> cs are contained in the chain-stable set of K; consequently T> c> has type 
(H)-attracting also. □ 

The same argument holds for the type (P). Hence we obtain: 

Corollary 2.6. Let f be a diffeomorphism, K a chain-transitive set which has a dominated 
splitting E\ © E c © E3 such that E c is one- dimensional, and V c ,V c! two plaque families tangent 
to E°. Then, the dynamics along the plaques ofD c and along those ofT> c> have the same types. 

Proof. We first note that E\ = E s is uniformly contracted. Let / + be one of the central models 
associated to the plaque family D c and assume for instance that there exists trapping strips that 
are arbitrarily small neighborhoods of K x {0}. Let us consider a plaque family T> cs tangent to 
the bundle E s © E°. Each set V% s \ W ss (x), V% \ W ss (x), T>i \ W ss (x) has two components: 
we denote by T> c x s,+ , 2?x an d L)^ + the component tangent to the half plaques of the central 
model / + . Arguing as before, one proves that are contained in T> cs ' + . The strong 

stable lamination on the plaques T> cs conjugates the dynamics along D c ' + and T) c ,+ , so that 
the central model along the plaque family D c ,+ also admits trapping strips that are arbitrarily 
small neighborhoods of K x {0}. The end of the proof follows. □ 

2.4 Extremal bundles 

We now discuss the possibility for one of the bundles E\ or E% to be degenerated. 

Proposition 2.7. Let f be a diffeomorphism and K be a chain-transitive set which has a 
dominated splitting E\ © E c such that E c is one- dimensional. If K has type (N), (P) or (H)- 
attracting, then K contains a periodic orbit. 

Proof. One can assume that K is minimal. We know that the bundle E s = E\ is uniformly 
contracted. We will deal with the orientable case (the non-orientable case is similar and simpler). 
By assumption there exists a central model for K which has arbitrarily small trapping strips. 
By projecting this central model, one finds a family of half open plaques T>x S ' + , x £ K tangent 
to E s © E c bounded by W^ c (x) and such that 



) 
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Each plaque T> x s>+ is a component of T>^f \ Wf^Jx) and hence is a uniform half neighbourhood 
of x. Consequently if f n (x) is a return close to x, either f n (x) G W^ c {x), or x G V^fy or 

f n {x) G £>£ s ' + . In the first case (/ n (x)) n >o converges to a periodic orbit. In the second case, 
since K is minimal, a/ = f n (x) has a return / n (V) arbitrarily close to x, hence which satisfies 
f n '(x') G ^/' + ; we are thus reduced to the third case. In the third case, the set V x s ' + U Wf^ c {x) 
is forward invariant by f n and foliated by strong stable one-codimensional manifolds. One 
concludes that there exists a closed segment a C X>£ U Wf^Jx) tangent to the central bundle, 

which is n-periodic and such that the orbit of any point in T> x s ' + converge toward a periodic 
point in a. In all the cases, the orbit of x accumulates on a periodic point of K. □ 

Remark 2.8. The same result in case (R) does not hold: there exist a diffeomorphism which 
possesses a fixed circle C which is normally attracting and whose induced dynamics is conjugated 
to an irrational rotation; the minimal set in C has type (R) but does not contain any periodic 
orbit. The dynamics in case (R) is covered by IPS3 section 3]: in particular if / is C 2 , then K 



contains either a periodic orbit or a periodic circle with the dynamics of an irrational rotation. 

As a consequence of proposition 12.71 if / is a Kupka-Smale diffeomorphism, then a chain- 
transitive set which has a splitting E\®E C cannot have type (N) or (P). It will follows from results 
the next sections (see proposition I4.3f) that if / belongs to a dense subset of Diff 1 (M), the 
set can not have type (R) either. Hence, it has type (H); if moreover it has type (H)-attracting, 
this is a sink. 



2.5 A weak shadowing lemma 

In this section, / is a diffeomorphism and K is a chain-transitive set which has a partially hyper- 
bolic splitting E s © E c © E u such that E c is one-dimensional. One fixes a small neighbourhood 
Uq of K such that the maximal invariant set K in Uq still has the partially hyperbolic structure 
of K. One also fixes a plaque family T> cs tangent to E s © E° over K. 

Let < 5 < r. An orbit (f n (x)) n >o in K is said to r-shadows a sequence (z n ) n >Q in Uq 
if for each n > 0, the point z n is at distance < r from f n (x). It is said to (r, 5) -cs- shadows a 
sequence (z n ) n >o in Uq if it r-shadows (z n ) n ^z and for each n > 0, the point z n is at distance 
< 5 from T^fnf x y The following result generalises the classical shadowing lemma. (See also |Gaj 
for another generalisation.) 

Lemma 2.9. If E c has type (N), (H)- attracting or (Psn), then for any r > there exists a 
neighbourhood U\ C Uq of K such that for any 5 > there exists e > with the following 
properties. 

- Any e-pseudo-orbit (z n ) n >Q in U\ is (r, 5) -cs- shadowed by an orbit (f n (x)) n >Q in K . More- 
over if (z n ) n >Q is T-periodic, one can choose (f n (x)) n >Q to be T-periodic. 

~ If (f n ( x ))n>o and (f n (x')) n >o both r-shadow (z n ) n >Q, then x' belongs to V^ s . 

Remarks 2.10. If K has type (N), the central plaques T> c are uniquely defined and coincides with 
the intersections V cs n V cu (by lemma |2~4|) . If (z n ) n& z is a e-pseudo-orbit in U\, one deduces 
that there exists an orbit (f n (x)) n& z which (r, <5)-c-shadows (z n ) n€ z'- for each n, the point z n is 
at distance < 5 from V c fnt ,. 
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Proof. The proof is similar to the geometrical proof of the classical shadowing lemma, but the 
uniform contraction along the stable direction has to be replaced by the topological trapping 
property stated in lemma I27H 

By remark [2.31 d). one may consider a plaque families T> cs whose plaques have a diameter 
much smaller than r and whose restriction to the set K has the trapping property of lemma [2^1 
This trapping property extends to the maximal invariant set in a neighbourhood U\ of K. By 
lemma l2~5l the plaques D cs are contained in the plaques T> cs . 

Let us fix So > small. For each point x E K, one can define a tubular neighbourhood T x of 
T> x s with width Sq in the direction E u . The trapping property and the uniform expansion along 
E u implies that f(T x ) HTj^ is a tubular neighbourhood f(D x s ) having the same width. Hence 
it is contained in Tf( x \. By continuity there exists £o > such that if f(x) and x' are eo-close 
then f(T x ) n T x i is a tubular neighbourhood of a subset of V x s , with width So- By induction if 
(z n )n>o is a eo-pseudo-orbit then for any n > the intersection of the f n ~ k (T Zk ) for < k < n 
is a (non-empty) tubular neighbourhood of a subset of T) c z s . 

One may reduce the set U\ so that any eo-pseudo-orbit (z n ) n >o in U\ can be extended in the 
past. With this property, one can define the intersection A n of the f~ k (T Zk ) for \k\ < n: the 
previous argument shows that this is non-empty. One deduces that the intersection of the A n is 
non-empty: it contains points x in K such that each iterate f n (x) is <5o-close to a point in T>f. 
In particular the points f n (x) and z n are at distance less than Diam('D^) + So < r. 

Let us assume that the sequence (z n ) n >o is a e-pseudo-orbit for e smaller. We have to 
show that it is (r, <5)-cs-shadowed by the half orbits {f n {x)) n >o that we have built, where the 
constant S can be taken arbitrarily small as e goes to zero. We thus fix some S' > and 
consider an integer N > 1 such that a tubular neighbourhood (of width So) is contracted by 
f~ N as a tubular neighbourhood of width less than S' . For any point y E K, the closure of the 
set f(Tf-ir y \) n T y n / -1 (^7(y)) is contained in the interior of T y , so that by choosing e small 
enough for any k E {0, . . . , N}, the set f(T Zk _ 1 ) n T 2fe D f~ 1 (T Zk+1 ) is contained in Tfkr ZQ y One 
deduces that the intersection of the f~ k (T Zk ) for < A; < iV is contained in the intersection 
of the f~ k (Tj-k( ZQ ^) for < k < N, hence is contained in the <5'-tubular neighbourhood of P^o- 
With this argument one deduces that each forward iterate f n (x) of a point x built above is both 
<5'-close to a point in T> z ^ and r-close to z n . The point z n is thus <5-close to T)^,-* for some 
constant S that goes to zero as S' decreases. This proves the required property and half of the 
first item of the lemma. 

Let us assume that two orbits (f n (x)) n >o and (f n {x')) n >o r-shadow the same pseudo-orbit 
(zn)n>o- One can repeat the argument of lemma [231 for each n > 0, the points f n (x') and f n (x) 
are 2r-close. Let 7 be a curve tangent to a cone around the direction E u that joints x' to T> x s . 
If the length of 7 is non-zero, by forward iterates the length of / n (7) increases exponentially, 
contradicting the fact that f n (x') and f n (x) remain 2r-close. This proves that x' G T> x s and 
proves the second item of the lemma. 

Let us assume that the sequence (z n )n>o is r-periodic and let (f n (x)) n >o be a sequence 
that (r, <5)-cs-shadows (z n ) n >o- Then the sequences (f n+kT (x)) n > n , for any k > 1, also (r,5)-cs- 
shadows (z n ) n >o, so that x' and f T (x) are 2r-close and f T (x) belongs to the plaque T> x s . Note 
that one can have reduced the plaques T> cs from the very beginning so that they satisfy the 
trapping property of lemma l2~4l One then deduces that f T {V x s ) is mapped inside V x s and that 
x belongs to the stable manifold of a r-periodic point p. The sequences {f n+kT (x)) n > n converge 
pointwise towards the periodic sequence (f n (p)) n >o- Hence the orbit of p also (r, <5)-cs-shadows 
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( z n)n>o- This finishes the proof of the first item. □ 

As a consequence one can control the strong stable manifolds of periodic orbits close to a 
partially hyperbolic set of type (N) . 

Corollary 2.11. Let K be a chain-transitive set which has a partially hyperbolic splitting E s 
E c © E u such that E c is one- dimensional and has type (N). Let x G K . Then, for every r] > 
there exists a neighbourhood U of K with the following property. For any periodic orbit O 
contained in U , there exists a point y G W ss (0) that is rj-close to x and whose forward orbit is 
contained in the r] -neighbourhood of K. 

Proof. We apply the weak shadowing lemma to the set K and to a small constant r G (0, rf) to 
be precised later. Let 5, e > be two small constants as in lemma [2791 Let O be a periodic orbit 
contained in a e-neighbourhood of K. 

Since K is chain-transitive there exists a e-pseudo-orbit (z n )n>o i n K whose tail coincides 
with O and such that zq = x. One deduces that there exists an orbit (f n (x')) n >o that (r, 5)-cs- 
shadow the pseudo-orbit. Moreover, by uniqueness in lemma l279| for n large f n {x') belongs to 
^/™(p) wnere P * s a P°i n t i n Since the points f n {x') and f n (p) are at distance r, one deduces 
from lemmas 12.41 and 12.51 that a uniform neighbourhood of f n (x') in £>^ n , ,% is contained in the 
plaque T^fnu,)- I n particular W l s J' c (f n (p)) and Vj n ^ x ,^ intersect at some point y n . 

Having chosen r > small, the distance between f n (x') and y n G 2?^„, ,n is small. Since 
the central dynamics along the plaques V c is trapped under backward iterations, the distance 
between f~ n (y n ) and x' is small also. 

We thus have shown that provided r is small, the point x' is arbitrarily close to a point 
y G W ss (0). Since r < rj, by construction the forward orbit of y belongs to the rj- neighbourhood 
of K. □ 

The existence of non-minimal sets of type (N) allows to create heterodimensional cycles. 

Corollary 2.12. Let f be a diffeomorphism whose periodic orbits are hyperbolic and let A be 
a chain-transitive partially hyperbolic set with a one- dimensional central bundle of type (N). If 
A is not minimal, then for each minimal set K C A and each neighbourhoods U of K and V 
of A, there exists a diffeomorphism g arbitrarily C 1 -close to f having a heterodimensional cycle 
contained in V and associated to periodic orbits contained in U. 

Proof. Consider a neighbourhood U of / in Diff 1 (M) and a point x G A \ K. One may always 
assume that it is non-periodic: if x is periodic (and hyperbolic by assumption), the chain- 
transitive set A should contain a point x' G W s (x) \ {x} close to x which is non-periodic. 
One can apply the connecting lemma to (f,U) and introduce an integer N > 1 and two small 
neighbourhoods W C W of x such that the N first iterates of W are disjoint from K and 
contained in V. By lemma 12. 9[ there exists a periodic orbit O contained in an arbitrarily 
small neighbourhood of K and by corollary 12.111 th e strong stable and unstable manifolds of O 
intersect W. The connecting lemma produces a C 1 -perturbation of / in IA with support in the 
iV first iterates of W (hence disjoint from K) which connects the strong manifolds of O. Since 
the central exponent of O is arbitrarily close to (by remark [2.31 d). another C 1 perturbation 
gives a heterodimensional cycle (proposition I0.3P . By construction the heteroclinic orbits are 
contained in V. □ 
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3 Twisted partially hyperbolic sets 



We here study partially hyperbolic sets which have a twisted geometry that already appeared 
in [BGWj and IC2I . It generates strong homoclinic intersections by C 1 -perturbation. 

3.1 Definition and main result 

Let K be an invariant compact set with a partially hyperbolic structure E s (BE C (BE U , such that 
E s , E u are both non-degenerated and E° is one-dimensional. Recall that any point x € K has 
local strong stable and local strong unstable manifolds Wf£.(x) and W^(x) tangent to E s x and 
E™; this is also the case for any diffeomorphism C 1 -close and any point whose orbit is contained 
in a small neighbourhood of K. 

Some pairs of close points p,q £ K are in a twisted position if one can connects Wfg C (p) to 
W^(q) and WfJ c (q) to W^(p) by two (small) curves tangent to a central cone field and having 
a same orientation (see figure [2]): this is possible since the bundle E c can be locally oriented. In 
particular if Wf£.(p) and W^(q) intersect, the pair (p,q) is in a twisted position. 




Figure 2: Two points p, q in a twisted position. 

In principle this definition depends on the choice of local orientations and cone fields but it 
is noticed in IC2I that this notion is well-defined when the distance d(p, q) goes to zero. Hence, 
this allows the following definition. 

Definition 3.1. The set K is said to be twisted if there is e > such that for any p,q € K 
satisfying d(p, q) < e, the pair (p, q) is twisted. 

Proposition 3.2. Let f be a diffeomorphism and let K be a twisted partially hyperbolic set 
which holds a minimal dynamics and is non-periodic. Then for any neighbourhood U of f in 
Diff 1 (M) and U of K in M, there exist g £ U having a periodic orbit O which exhibits a strong 
homoclinic connection associated to a homoclinic orbit contained in U. 

Corollary 3.3. Let f be a diffeomorphism and consider a non-periodic minimal set K which 
has a partially hyperbolic structure E s © E c © E u such that E c is one-dimensional. If K has 
type (P) or (N) and is twisted, then, for any neighbourhood U of f and U of K, there exists a 
diffeomorphism g £U which exhibit a heterodimensional cycle contained in U. 

Proof. One applies proposition 13.21 there exists a perturbation go of / having a periodic orbit 
O which exhibits a strong homoclinic connection associated to a homoclinic orbit contained in 
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a small neighbourhood of K. Since K has type (P) or (N), the exponent of O along E c is close 
to zero. By proposition 10.31 one gets with another C 1 -perturbation a heterodimensional cycle 
in U. □ 

The end of the section is devoted to the proof of proposition 13.21 One will first create a 
perturbation g of / and a periodic orbit O = (x,g(x), . . . ,g T (x) = x) by the closing lemma: 
the period of O can be chosen arbitrarily long but there exists an integer N > 1 (which is the 
time needed to perform the perturbation) such that the segment of orbit (x,g(x), . . . ,g T ~ N (x)) 
coincides with (x,f(x),... , f T ~ (x)) and belongs to K. Since K is twisted and most of the 
iterates of O belong to K, we will deduce that the orbit O is "almost twisted" for g. Since 



its period is arbitrarily long, one can repeat the argument in C2 for twisted orbits and by 



perturbation one will obtain a strong homoclinic intersection for O. 



3.2 The closing lemma argument 

We first recall how one can perturb the dynamics of / in order to create a periodic orbit close 
to K. We denote by d the dimension of M. A standard cube in M. d is a set of the form 
C = [—a,a] d + v where a > and v G M. d . For t > we denote by t.C the standard cube 
[— t.a, t.a] d + v. A main step towards Pugh's closing lemma is the following (see [AJ theoreme 
22] and [BCl theoreme A.l]). 

Theorem (Pugh). Let f be a diffeomorphism, Uq be a neighbourhood of f in Diff 1 (M) ; z G M 
be a non-periodic point and A > 1. Then there exists 

- a chart cp: Q C W 1 — > M around z, 

- an integer N > 1, 

with the following property. 

For any standard cube X.C C O and any x,y G <p(C), there exists g G Uq such that: 

- g N (y) = f N (x); 

- g is a perturbation of f with support in the union of the f k (ip(\.C)) with < k < N. 

In order to create a periodic orbit, one looks for a (non-trivial) segment of orbit (x, . . . , f n {x)) 
with x,f n (x) G tp(C) such that all the intermediary iterates f k (x) for < k < n avoid ip(\.C). 
One possible approach is to assume that z belongs to the support of an invariant probability 
measure \x and to argue in a similar way as in the proof of Mane's ergodic closing lemma [M] , 
The restriction of the measure \i to the image of (p is non-zero and lifts as a measure /i on fi. 

Lemma 3.4. If X d+1 < | ; there exists a standard cube X.C C f2 which satisfies fi(C) > ^/2(A.C). 

Proof. The proof is by contradiction: one assumes that for each standard cube X.C C £1, one 
has /2(C) < ^fi(X.C). Let Co be a standard cube with positive measure ijiq = p,(Co) and such 
that 2. Co is contained in 0. One builds inductively a sequence of standard cubes C n of positive 
measure m n = fi(C n ) in the following way The cube C n can be divided into 2 d standard cubes 
with disjoint interior and same radii. One of them, denoted by C' n , has measure larger than 
2~ d m n . We define C n+ \ = X d+l .C' n . By our assumption it has measure larger than 2 d+1 jl{C' n ), 
hence larger than 2/2(C n ). However by our choice of A, the cube 2.C n +i is contained in 2.C n 
and has a radius less than 3/4 times the radius of 2.C n . The cubes C n are thus all contained in 
and their measures increase exponentially contradicting the fact that fi is finite. □ 
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As a consequence there exists a set A C <p(C) with positive measure for \i and an integer 
n > 1 such that / fc (^) n y(A.C) = for any < fc < n and C y(C). Any segment of 

orbit (x, . . . , f n (x)) with i£i can be closed by Pugh's theorem. 

3.3 A codimensional version of the closing lemma. 

Pugh's theorem allows to modify the image of a point with a good control on the support of the 
perturbation. We state a variation of this result which allows to modify the image of a point by 
moving its first N iterates in a given direction. We fix some integer 1 < s < d and denote by P2 
the orthogonal projection of W 1 on {0} s x IR™ -5 . 

Proposition 3.5. Let f be a diffeomorphism, IA$ be a neighbourhood of f in Diff 1 (M) ; K C M 
be an invariant compact set with a continuous splitting TrM = E © F with s = d\m{E), z G K 
be a non-periodic point and A > 1. Then, there exists 

- a chart <p: Q cR d — > M around z satisfying DQip.(W x {0} n ~ s ) = E z , 

- an integer N > 1 and a constant ao > 0, 

- two functions (3, 7: (0, «o) ~~ > (0, 1) satisfying (3(a), 7(a) — > 0, 

with the following property. 

For any a E (0, ao), any standard cube X.C C B R d(0, 7(a)), and any x,y G </?(C) satisfying 

d(p 2 o 99~ 1 (x),p2 ¥> _1 (y)) < a.diam(C), (3.1) 

f/iere exists g €Uq such that 

~ g N (y) = f N (x); 

- g is a perturbation of f with support in the union of the f k (ip(\.C)) with < k < N; 

- for each 1 < k < N one has 

d(p2 0^-\f- k g k (x)),p 2 o i p-\y)) < (3(a).dmm(C). (3.2) 

As for Pugh's theorem above, this can be deduced from a result about linear maps (see |BQ 
proposition A.l]). 

Lemma 3.6 (Pugh). Let (T n ) n >o be a sequence in GL(s,M), r] be a constant in (0, 1) and A > 1. 
Then there exist A G GL(s,M) and an integer N > 1 with the following property. 

For any x, y in the standard cube Co = [0, l] s , there exists a sequence (zq, . . . , zm) in the cube 
\/A-Co such that 

- z = x, z N = y; 

- for each 1 < k < N one has 

d(T k A(z k ^), T k A(z k )) < ri.d(T k A(yf\.Co), R s \ T k (\.C j) . 
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Proof of proposition \3.5[ We fix a Riemannian metric on M. Reducing the neighbourhood Uq 
of / there exist 5 > and p G (0,1) such that for any disjoint balls B(x%, r±), . . . , B(xg, r^) 
in M with radius < 5 and any points a^b{ G /~ 1 (-B(xj, p.rj)), i = 1, there exists an 

(elementary) perturbation g £ Uq supported in the union of the balls f~ 1 (B(xi,ri)) such that 
g( a i) = fipi) (this exists by the lift axiom of |PRl sections 2 and 6]). 

Let us fix orthonormal bases at the forward iterates of z by /. Each tangent space is 
thus identified to R rf and one can assume furthermore that Df n .E z is identified to the space 
R s x {0} d ~ s for each n > 0. The derivative D z f n : T Z M — » Tfnr^M induces a linear map 

T n G GL(d, R) and the restriction of D z f n to ^ induces a linear map T n G CL(s,R). 

Since the splitting E © F is continuous, the angle between vectors in E and F is bounded 
from below. Consequently, one can consider the splitting E z © F z at z: there exists a G (0, 1) 
such that for any set A C I s and any n > 0, if a ball B^s(x,r) in R s is contained in T n (A), 
then the ball B Rd (x x {0} d ~ s , a.r) in R d is contained in T n (A x F). 

We apply lemma [3761 to the sequence (T n ) and to the constant rj = pa. This gives us an 
integer N > 1 and a linear map ^4 G GL(s,M). Let us choose a > and define ^4 G GL(d, R) 
which preserves and coincides with i on I s x {0} rf-s = £^ and which maps {0} s x R rf_s on F z 
by a conformal linear map with scaling factor a. Let Co = [0, l] s be the standard cube in R s 
and Co be the standard cube in R rf . For any x,y in Co such that y — x G there exists a 
sequence (zq, . . . , zn) in \/A-Co such that: 

- z = x, z N = y, 

- for each 1 < k < N, the points = Tj i A{zj { _i) and = Tj c A{zj i ) satisfy — bj, G 
R s x {0} d_s and their distance is less than rj times the distance 

5 k = d (T k A(Vx.C ), R s \ T k A(X.C )) • 

For each 1 < k < N, let us denote by c k G T k A{-\f\.Co) the middle between a k and b k and let 
us set r k = o~.5k- By definition of 5 k and the choice of a, the ball centred at c k with radius is 
contained in f k A k (X.C x R n ~ s ) = f k (A(X.C ) x F), hence in f k A(\.6 ) If a has been chosen 
large enough, the ball centred at c k with radius r k is contained in T k A(X.Co). Moreover the ball 
centred at c k with radius p.r k = r]5 k contains both a k and b k . 

By continuity, the same property holds if we replace the assumption y — x G E z by p2(x — y) 
close to 0: there exists ao > such that, for any x,y G Co satisfying d(p2{x) , P2(y)) < a with 
a G (0, ao), there exists a sequence (zq, . . . , zn) in ^/X.Cq and for each 1 < k < N there is a ball 
B(c k ,r k ) contained in ^^(A.Co) such that B(c k ,p.r k ) contains the points a k = T k A(z k _i) and 
b k = T k A(z k ). Note that when a goes to zero, the sequence (zo, . . . ,zn) is closer to an affine 
plane in the direction of R s x {0} d ~ s . One deduces that the distance between P2{a k ) and P2{b k ) 
is less than some function Po(a) that goes to zero when a — > 0. Note that the same properties 
are valid if one rescales or translates the standard cube Co- This ends the proof in the linear 
case. 

Let us define the chart cp = exp 2 oA where exp z is the exponential map from a neighbourhood 
$7 of in M. d (identified to T Z M) to a neighbourhood of z in M . By construction tp maps to z 
and D ip maps R s x {0} d ~ s to E z . Since at smale scales /, f 2 , . . . , f N act on the distances as the 
linear maps Ti, ... ,T/v, one gets the following construction, assuming that the neighbourhood 
Q is small enough. Let C C R rf be a standard cube such that X.C C O and let x,y C <p{C) 
satisfying (13. ip for some a G (0, ao). 
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- There exists a sequence (x = z , . . . , = y) of points in the cube tp(\/~\.C) such that 
zq = x, zn = y and a sequence of balls B(x\,ri), . . . , B{xn-,tn) such that B(xj e ,r] e ) is 
contained in f k (tp(\.C)) and B(xk, p.r^) contains the points a& := f k (z/ { _i) and : = 
f k (z k )- 

- Since z is non-periodic, by choosing $7 small, the iterates Q, /(O), . . . , f N (Q) are pairwise 
disjoint and in particular the balls B(xk, r&) for k = 1, . . . , N are disjoint. One can apply 
an elementary perturbation to the points and and obtain a perturbation g G U 
supported on the iterates f k {ip{\.C)) with < k < N — 1 and such that g N (x) = y. 

When one decreases a, the property obtained in the linear case implies (|3.2[) provided f k is close 
enough to T^, ie. that the cube A.C is contained in a small neighbourhood B(0,^(a)) of in 
M. d . This gives all the conclusions of the proposition. □ 

3.4 Periodic orbits with almost twisted returns. 

The proof of proposition 13.21 will be implied by the two lemmas below. We first note that by 
applying the results of the previous sections at the twisted set K, we do not apriori get a twisted 
periodic orbit O. We keep however some information (provided by lemma [3T8|) : any close points 
p,q G O will almost lie in a plane tangent to E s © E c . This allows to get by a new perturbation 
a strong homoclinic intersection (lemma |3. 10[) . 

Fix a central cone field around the bundle E c and fix a small neighbourhood U of K and U 
of /. For p > and g € U, two points p, q whose g-orbit remain in U are said to be p-twisted 
for g if one can connect Wf s c (p) to W^(q) and Wf s c (q) to W^(p) (as local manifolds for g) by 
two (small) curves tangent to the central cone and whose length is smaller than p.d(p,q). Since 
at small scales the bundles E s and E u are almost constant, this property holds for points p, q 
in the twisted set K: 

For any p > there is e > such that any p,q G K at distance less than e are p-twisted for f . 

This property can be also seen in coordinates. Consider an exponential chart exp z : U z C 
R d -» M at some point z G K and the induced (non-dominated) splitting (E s z © E^) © E° z of 
M. d . One defines in exp z (U z ) a central distance d c by considering the projection on E c z in the 
chart. Any points p,q G exp z (U z ) fl K are in twisted position, hence d c (p,q) < n.d(p,q) where 
7] can be chosen arbitrarily small if U z is small enough. For g G U and any point p G exp z (U z ) 
whose orbit by g remains in U, the manifold exp^ 1 (Wf^p)) is tangent to a cone arbitrarily thin 
around E z provided g is close enough to / and U z is small enough; a similar property holds for 
W^""(p). One deduces the following: 

Claim 3.7. For any p > and z G K, one can choose rj > 0, a C 1 -neighbourhood W of f and a 
neighbourhood U z o/O G M. d with the following property. For any g G W and any p,q G exp 2 (J7 2 ) 
whose orbits by g remain in U , if d c (p, q) < i].d(p, q) then p and q are p-twisted for g. 

L e t (f n ) be a sequence of diffeomorphisms which converges toward / in Diff 1 (M) and let 
(O n ) be a sequence of / n -periodic orbits which converges toward K in Hausdorff topology. We 
say that (O n ) has almost twisted returns if for any p G (0, 1), there exists e > such that, for 
any n, any points p, q contained in O n and at distance smaller than e are p-twisted for f n . 

Lemma 3.8. There exists a sequence of diffeomorphisms (f n ) converging towards f in Diff 1 (M) 
and a sequence of periodic orbits (O n ) which converges toward K for the Hausdorff topology and 
which has almost twisted returns. 
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Proof. Since K is twisted, there exist two decreasing sequences of positive numbers (e„) n >o an d 
(Pn)n>o which goes to zero as n goes to +00 and such that any p, q G K at distance smaller 
than 2e n are ^--twisted. 

Let us fix n > 0. The local manifolds at a point x whose orbit is contained in U are C 1 
immersed discs which depend continuously on the diffeomorphism and on the point x. This 
implies that there exists a neighbourhood U n of / satisfying: 

1) For any < i < n and any points po,Qo €= K at distance less than 2e{, there exist 
some neighbourhoods U(po) and U(qo) such that, for any g £ U n , any points p G U(po), 
q £ U(qo) whose orbit under g remain in U are /?j-twisted for g. 

By claim [3771 one can cover K by finitely many exponential charts exp z (U z ) with z € K, reduce 
the neighbourhood U n of / and choose rj > with the following property. 

(*) For any g £ U n and any points p, q in a same exponential chart and whose orbit under g 
remains in U, if d c (p, q) < r/.d(p, q), then p and q are p n -twisted for 5. 

Let us now create a periodic orbit O n by using the method described in the previous sections. 
One first considers a point zq G If which is the centre of one of the exponential charts which 
cover K. One applies proposition 13.51 to (f,U n ), to the set K, to the continuous splitting 
(E s © E u ) © E c and to some constant A > 1 such that A 2 ( d+1 ) < |. One gets another chart 
ip: Q C M rf — > M at zo- O ne also gets an integer N > 1 and two functions /?, 7: (0, ao) — ► (0, 1). 
One may reduce the open set O so that the iterates f k (tp(Q)), < k < N, are disjoint and each 
of them is contained in an exponential chart exp Zk (U Zk ) from the covering of K; in particular 
(p(Q) C exp^ (f7^ ). One may reduce f2 again so that: 

2) There exists v( G (0, 1) such that for any p,q £ <p(£l) satisfying d c (p,q) < rj'.d{p,q) for the 
coordinates of the chart exp ZQ , we also have d c (f k (p),f k (q)) < rj -d(f k (p) , f k (q)) for the 
coordinates of the chart exp 2fe and for any 1 < k < N. 

Using 1), one can also require: 

3) For any g £ U n , any < i < n, any k 7^ i in {0, . . . ,N}, any points p £ f k ((p(Q)) and 
q £ f (tp(p,)) that are e,-close whose orbit by g remain in U, are p^-twisted for g. 

There exists a constant A > such that for any standard cube A 2 .C C and any points 
q G" tp{\ 2 .C) and x,y £ tp(X.C) one has 

diam(<£>(C)) < A . d(q,y) and d(q,x) < A . d(q,y). (3-3) 

For any points p,q £ K n <p(£l) one has 

d c (p,q)<r)".d(p,q), (3.4) 

for the coordinates of exp 2Q , where rj" > can be chosen arbitrarily small if O is small enough. 
As a consequence, if one applies proposition 13.51 to some standard cube X.C C fi, and some 
points x, y £ f(C) H K, condition (13. 2ft holds with a arbitrarily small. One deduces from f)3.2f) 
that there exists a perturbation g £ U n such that g N (y) = g (x) and moreover 

d c (x,f- k (g k (y))) < (3.dmm(v(C)), (3.5) 
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where (3 > can be chosen arbitrarily small if £1 is small. Consequently, one can choose n" and 
(3 small so that 

(r," + 0).A<rf. (3.6) 

Let (i be an invariant probability measure supported on K. By minimality Supp(/i) = K. 
By lemma I3T41 and our choice of A, there exists a standard cube A 2 .C C Q such that 

/i(y?(A 2 .C)) < 2^(C)). (3.7) 

One may assume that (p(X 2 .C) is contained in an arbitrarily small neighbourhood of p. From 1) 
and a compactness argument, this implies the following: 

4) For any g G U n , any < i < n, any < k < N, any points p G f k ((p(X.C)) and 
q G K \ f k (ip(Q)) that are 6,-close and whose orbit by g remain in U are /3j-twisted for g. 

One deduces from (|3.7p that there exists a point x G </?(C) having a return f m {x) G <^(C) 
such that all the iterates f k (x) for < k < m are disjoint from (p(X 2 .C). Consequently, there 
exists a perturbation /„ G U n of / supported on the f k ((p(X.C)), < k < N, such that 
fnif m {x)) = f N {x). In particular, the orbit O n of f m {x) for f n is m-periodic. 

The lemma will be implied by the following. 

Claim 3.9. Ifp,q G O are at distance less than Ei for some i <n, then they are pi-twisted. 

This is proved by assuming p ^ q and by considering several cases. 

- When p, q do not belong to the support of the perturbation, they belong to K by con- 
struction. Property 1) implies the claim in this case. 

- When p belongs to some f k (ip(\.C)) and q to some f i (tp(\.C)), with < k,£ < N, one 
has p = f k {f m {x)) and q = f n {f m {x)). Hence k ^ t By 3) above, one concludes the 
claim in this case. 

- When p belongs to some f k (ip(\.C)), < k < N, and q does not belong to f k (ip(Q)) nor 
to any f e (ip(\.C)), < t < N, one has q G K. By 4) above, one concludes the claim 
again. 

- When p belongs to some f k (ip(X.C)) and q to f k (ip(Q)), for some < k < N, one considers 
the points f~ k (p), f~ k (q) G <p(Sl). Note that p = f k (f m {x)). One has q f k {tp(X.C)), 
hence the points x,f" k (q) G </?(f2) belong to K and by (|3.4p satisfy d c (x, f~ k (q)) < 
rj" .d(x, f~ k (q)) for the coordinates of the chart exp 2Q . One has also d c (x, f~ k (p)) = 
d c (x,f- k (f k {f m (x)))) < /3.diam(v?(C)) by (^3]) . Note also that since f~ k (q) is disjoint 
from ip(X 2 .C) and since f~ k (p) and x belong to cp(X.C), one has by ()3. 3f) 

sup(diam(v9(C)), d(x,f- k (q))) < A.d(r k (p), f~ k (q)). 

One thus deduces from (|3.7p , 

d c (/- fc (p),/" fc (9)) < (rf , + 0)A.d(r k (p)J-\q))<r/.d(r k (p),r k (q)). 

Now using 2), one gets d c (p,q) < rj.d{p,q). By our choice (*) of the exponential chart 
exp 2fc ([/ 2fe ), this implies that p and q are p n -twisted, implying the claim in this case. 
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The claim and the lemma are now proved. 



□ 



One can now conclude the proof of proposition 13,21 

Lemma 3.10. Let (f n ) be a sequence of diffeomorphisms which converges toward f in Diff^M) 
and let (O n ) be a sequence of f n -periodic orbits which converges toward K in Hausdorff topology 
and which has almost twisted returns. 

Then, for any neighbourhood U of K and hi of f in Diff 1 , there exists n > 1 and a diffeo- 
morphism g £U which coincides with f n outside U and on a small neighbourhood of O n , such 
that O n has a strong homoclinic intersection associated to a homoclinic orbit contained in U . 

The proof is the same as for [C3 theorem 3.18] or [BGWl theorem 9]. 



4 Partially hyperbolic sets of types (R), (H) or (P) 

In this section / is a C 1 -generic diffeomorphism. Unless mentioned, K is a chain-transitive set 
having a partially hyperbolic structure E s ®E C ®E U with a one-dimensional central bundle. We 
discuss the existence of a periodic orbit O contained in an arbitrarily small neighbourhood of K 
such that either O is contained in the chain-recurrence class of K, or by a C 1 -perturbation of the 
diffeomorphism /, there exists a strong homoclinic intersection associated to the continuation 
of O. 



4.1 The chain-transitive type (R) 



The results in C2 section 3.3] give the following. 



Proposition 4.1. Let f be any diffeomorphism in a dense Gs subset TZr C Diff (M) and K 

be a chain-transitive set which has a partially hyperbolic structure E s © E c © E u such that E c 
is one- dimensional. If K has type (R), then, for any small neighbourhood U of K there exists a 
periodic orbit O CU contained in the chain-recurrence class of K . 
More precisely: 

- Any periodic orbit O contained in U and having a point close to the middle of a central 
segment^/ of K belongs to the chain-recurrence class of K . 

- For any such periodic orbit O, there exist some diffeomorphisms g that are arbitrarily 
C 1 -close to f and such that the continuation O g of O has a strong homoclinic connection. 

Using the same kind of argument as the one used in the proof of proposition 14.11 one gets: 

Proposition 4.2. Let f be any diffeomorphism in a dense Gs subset 1Z' R C Diff (M) and H 

be a homoclinic class which has a dominated splitting E s © E c © £3 such that the bundle E c is 
one- dimensional and the bundle E s is uniformly contracted. Let us assume furthermore that H 
contains periodic orbits whose Lyapunov exponent along E c is arbitrarily close to 0. If H has 
type (R), then it contains periodic points with index d\m{E s ). 

Proof. By |BC| and the Franks lemma (which allows to change the derivative along a periodic 
orbit by a C 1 -perturbation), there exists a dense G§ subset 1Z' R of Diff 1 (M) such that any 
diffeomorphism / G IZr has the following properties: 
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a) Each homoclinic class of / is a chain-recurrence class. 



b) Any orbits O, O' in a same chain-recurrence class and with the same index are homoclin- 
ically related. 

c) Any set A which is the Hausdorff limit of hyperbolic periodic orbits O n of index i and 
whose i-th Lyapunov exponent is arbitrarily close to zero is also the limit of hyperbolic 
periodic orbits 0' n of index is i — 1. Moreover if there exists a hyperbolic periodic orbit O 
such that W u {O n ) intersects transversely W s {0) for each n > 0, then the same property 
can be required for the periodic orbits 0' n . 

Let us fix a hyperbolic periodic orbit O contained in H. By property a), the homoclinic 
class of O coincides with H. By assumption, one can choose O to have a Lyapunov exponent 
along E c close to 0, hence the index of O is d\m(E s ) or dim(E s ) + 1. In the first case we are 
done, so we will assume that the index of O is &\m{E s ) + 1. 

By properties a) and b), there exists a dense set of periodic points Q in H that are homo- 
clinically related to O and have an arbitrarily weak central Lyapunov exponents. By property 
c), one can thus conclude that for any point z G H, any neighbourhoods U of z and V of H, 
there exists a periodic point Q G U of index dim(E s ), whose orbit is contained in V, and such 
that W U (Q) n W s {0) / 0. 

Let 7 be a central segment and consider z in its interior. Since the backward iterates of 
7 remain tangent to a neighbourhood of E° and have a length bounded, one deduces that the 
exponential growth of ||D/i^(2r)|| when n — ► +oo is weak. By domination, ||D/^ 3 n (z)|| decreases 
exponentially fast and any point of 7 has a uniform strong unstable leaf tangent to the bundle 
E3. 

For a periodic point Q as above and close to z, the local stable manifold (tangent to E s ) has 



a uniform size. The proof of C2 proposition 3.7] then shows that W S {Q) intersects the strong 
unstable leaf of some point in 7 C H. Since we also have W U (Q) D W s {0) 7^ this implies that 
Q belongs to the chain-recurrence class of H. By property a), one deduces that Q belongs to 
H, as wanted. □ 

We also complete remark \2. 81 

Proposition 4.3. Let f be any diffeomorphism in a dense G$ subset 1Z" R C Diff 1 (M) and K be 
a chain-transitive set which has a partially hyperbolic structure E s © E c © E u such that E c is 
one-dimensional. If K has type (R), then dim(E s ) and dim(E u ) are non-zero. 

Proof. By |BC| there exists a dense G5 subset 1Z" R C Diff 1 (M) of diffeomorphisms whose periodic 
orbits are all hyperbolic and dense in the chain-recurrent set. 

Let us assume by contradiction that dim(£' u ) = 0. Consider e > small and a segment 7 
tangent to a central cone, contained in the chain-recurrence class of K and whose iterates are 
contained in an arbitrarily small neighbourhood U of K, and have a size smaller than e. 

Since / belongs to 1Z R , there exists a periodic point z close to the middle of 7. One deduces 
that the strong stable manifold of some point of 7 intersects z. Consequently the orbit O is 
contained in U and has the dominated splitting E s © E c . By assumption O is hyperbolic. If O 
is a sink, then the chain-recurrence class of K contains a sink. If O is a saddle, the inclination 
lemma implies that the accumulation set of the iterates / n (7), n > 0, contains the unstable set 
of O. Since the length of f n {^) is bounded by e, one deduces that the length of the unstable 
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manifolds of O are bounded by e. The unstable manifolds of O are thus bounded by a hyperbolic 
periodic orbit, which is a sink. This proves that 7 meets the basin of a sink. Consequently the 
chain-recurrence class of K contains a sink. 

In any cases, one deduces that the chain-recurrence class of K is a hyperbolic sink. This 
contradicts the fact that K has type (R). □ 

4.2 The chain-hyperbolic type (H) and the parabolic type (P) 

Proposition 4.4. Let f be any diffeomorphism in a dense G$ subset TZh C Diff (M) and 

consider any chain-transitive set K which has a partially hyperbolic structure E s © E c © E u 
such that E c is one- dimensional. If K has type (H) or if K is not twisted and has type (P), 
then, for any small neighbourhood U of K there exists a periodic orbit O C U contained in the 
chain-recurrence class of K. 

More precisely, if one considers the maximal invariant set K' in a closed neighbourhood of 
K and a plaque family T> cs tangent to E c over K' , then for any periodic orbit Oq contained in 
a small neighbourhood of K, the orbit O can be chosen in such a way that 

- O is contained in the union of the plaques T>^f with x G Oq, 

- if K has type (H)- attracting, (Psu) or (Psn), the index of O is equal to dim(E s ) + 1. 

Proof. The diffeomorphisms in the set TZh have their periodic orbits hyperbolic and dense in 
the chain-recurrent set. 

Let us first assume that K has type (H)-attracting. By proposition 12.71 one can assume that 
E u is not degenerated (otherwise K is reduced to a sink). Let T> cs be a plaque family tangent 
to E s ®E C over a K' . By remark [231 d). one can reduce the plaques TD CS and the set K' , so that 
the plaques are trapped: for each x G K' one has, 

f(W)cVf {x) . 

In particular, if one considers two points x,y £ K that are close enough, then for any point p 
such that f~ n {p) £ ^f~ n (y) ^ or eac ^ n — ^' ^ e s t ron § unstable manifold W£^(p) meets P£ s . By 
continuity this property is also satisfied if y is replaced by any point po E K' close enough to y. 

Let Oq C K' be a periodic orbit contained in a small neighbourhood of K: there exists 
Po G O arbitrarily close to y, so that for each periodic point p G 2?^, the strong unstable 
manifold W^(p) meets V^ s . Conversely, since the plaques V cs are trapped, the strong unstable 
manifold W^{x) meets Vp S Q at some point which belongs to the stable manifold of a periodic 
point p G T>p S Q . This implies that p belongs to the chain-recurrence class of K. 

If the index of p is equal to dim(£' s ), there exists another periodic point p' G of index 
dim(E s ) + 1 and whose stable manifold intersects the unstable manifold of p. Consequently, 
p' also belongs to the chain-recurrence class of K. This proves that the chain-recurrence class 
contains periodic orbits O of index dim(£' s ) + 1 that are included in arbitrarily small neighbour- 
hoods of K. Moreover O can be obtained inside the centre-stable plaques of any periodic orbit 
close enough to K. 

This proves the proposition in the case K has type (H). In the case K has type (P), the 
dynamics on E° is orientable. Let us fix a central model (K x [0, +00), /) with attracting type 
associated to K and an invariant orientation on E C K . By proposition 12.71 one can assume again 
that E u is not degenerated. Let T> cs be a plaque family tangent to E s ®E C over K and T> c C T> cs 
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a plaque family tangent to £ c . For each x G K, the plaque V cs \ W^Jx) has two components: 
one of them, T> x s ' + , is tangent to the central model. Since the central model has attracting type, 
one can assume (reducing the plaques) that these half plaques are trapped: for each x G K, one 
has 

/(P? + )c^uC(/W). 

Moreover, since K is not twisted, there exist two points x, y arbitrarily close such that one can 
connect W(£.(x) to W^(y) and W^(x) to W(£.(y) by two curves with non-zero length, tangent 
to a central cone field and having the same orientation. Up to exchange x and y, this implies 
that W{^(y) intersects V x s ' + . By the trapping property, assuming that x,y have been chosen 
close enough, one deduces that for each point y G T> c n T>y S ' + such that f~ n {y) G T> c ^^ for 

each n > 0, the strong unstable manifold W^(y) meets V>x S ' + ■ By continuity this property is 
still satisfied if y is replaced by any point po G K' close enough to y. The end of the proof is 
similar to the case K has type (H)-attracting by considering the half plaques T) cs>+ instead of 
the plaques V cs : one just has to note that if po G K' is a periodic point, then any periodic point 
p G Vp S Q also belongs to T> c po . □ 

Remark 4.5. In the proposition 14.41 by choosing carefully the orbit Oq, one may replace the 
partial hyperbolicity on K by a dominated splitting E s © £ c © £"3 such that E s is uniformly 
contracted, E c has dimension 1 and there exists an invariant measure supported on K whose 
Lyapunov exponents along £3 are all positive (we will not use this generalisation). 

Let us sketch the proof. In the case the type is (P) or (H)-repelling, the bundle £3 is 
uniformly expanded, the proposition 14.41 applies. Let us consider the type (H)-attracting. One 
may assume that K is the support of an ergodic measure whose Lyapunov exponents along £3 
are all positive. From Mane's ergodic closing lemma, K is the Hausdorff limit of periodic orbits 
O n whose associated periodic measures converges towards fi. In particular, there exists N > 1 
such that for each orbit O n a uniform proportion of iterates z G O n satisfies for any k > 0, 

k—l 

nii^f(r i - JV (^))il<2- fe . (4.1) 

8=0 

By passing to the limit, one can thus find two close points x,y G K satisfying (|4.ip and a 
sequence of points p n G O n satisfying (|4.ip and converging to y. The points x,y,p n hence have 
uniform unstable manifolds tangent to £3 Now the proof is the same as before. 

5 Partially hyperbolic sets of type (N) 

In this section / is a C 1 generic diffeomorphism and K is a chain-transitive set with a partially 
hyperbolic structure £ s ©£ c ©£" such that the bundle £ c is one-dimensional and has type (N). 
Our aim is to prove that if K is strictly contained in its chain-recurrence class, then either / is 
C 1 -approximated by diffeomorphisms having a heterodimensional cycle, or K is included in a 
homoclinic class having periodic orbits whose (dim{E s ) + l)-th Lyapunov exponent is arbitrarily 
close to 0. 

5.1 Statement and first reductions 

Proposition 5.1. Let f be any diffeomorphism in a dense G$ subset TZn C Diff 1 (M) \ Tang 
and consider any minimal set K which has a partially hyperbolic structure E s © £° © E u such 
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that E c is one- dimensional and has type (N). If K is strictly contained in a chain-transitive set 
A, then one of the two following situations occurs. 

1) K is contained in a homoclinic class H whose index is equal to dim(E s ) or dim(E s ) + 1 
and which contains weak periodic orbits: for any 5 > 0, there exists a sequence of periodic 
orbits (O n ) that are homoclinically related together, that converge for the H aus dor jf topology 
toward a compact subset of A, whose indices are equal to dim(E s ) or dim(E s ) + l and whose 
(dim(E s ) + l)-th Lyapunov exponents belong to (—5,6). 

2) For any neighbourhoods U of K and V of A, there exists a C 1 -perturbation of f which ex- 
hibits a heterodimensional cycle contained in V and associated to periodic orbits contained 
in U (whose indices are equal to dim(E s ) and dim(E s ) + 1 respectively). 

The Gs dense subset TZn C Diff 1 (M) will be the intersection of: 

- the set of the diffeomorphisms whose periodic orbits are all hyperbolic (which is Gs and 
dense by Kupka-Smale theorem), 

- a Gs and dense set of diffeomorphisms whose minimal sets are limit of hyperbolic periodic 
orbits for the Hausdorff topology (provided by Pugh's closing lemma), 

- a Gs and dense set of diffeomorphisms having the following property (see |BC| ): any chain- 
recurrence class that contains a hyperbolic periodic orbit O coincides with the homoclinic 
class H(0); any hyperbolic periodic orbits contained in a same chain-recurrence class and 
having the same index are homoclinically related, 

- the sets TZchain,T^Ext, 7Zr, T^-h provided by lemma [T, 121 propositions II. 10} 14.11 and 14,41 

- two other Gs dense sets specified during the proof of lemmas 15.101 and 15.131 stated below. 

Before coming into the details of the proof, let us begin with some preliminary reductions. 

• From the hypothesis / G TZn, the set K is not a periodic orbit. Hence, by proposition 12.71 
the extremal bundles E s , E u are both non-degenerate. 

• We consider small open neighbourhoods U of K. The maximal invariant set in U still 
has the partially hyperbolic splitting E s © E c © E u . If for such arbitrarily small U there 
exist some chain-transitive sets K' C U D A having type (R), (P) or (H), or some chain- 
transitive non- minimal sets K' having type (N), then the conclusion of the proposition 
holds immediately: if K' has type (R), (H) or if K' has type (P) and is untwisted, then by 
propositions 14.11 and 14.41 the chain-recurrence class of K contains periodic orbits that are 
included in U (hence having a central exponent along E c close to if U has been chosen 
small enough); if K' has type (N) and is non-minimal or if K' has type (P) and is twisted, 
by corollaries 12.121 and 13.31 one can create in U a heterodimensional cycle by a C 1 -small 
perturbation of /. 

As a consequence, one can fix a small neighbourhood U of K and make the following 
isolation hypothesis: 
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(I') Any chain-transitive set K ' C U fl A is minimal, non twisted and has type (N) only. 



• By proposition II . 101 one can assume (up to reducing A if necessary) that there exists on A 
a dominated splitting E\ © E c © E% that extends the partially hyperbolic structure on K. 
One can thus fix some plaque families T> cs ,T> C ,T> CU tangent to E\ © E c , E c and E c © E% 
over A. One may take the plaques T>% contained in the intersections T>^ n T>^ u . 

Let us consider a small neighbourhood Vq of A Note that one can choose the plaque 
families over a set slightly larger than A where the domination extends; the plaques hence 
exist at any point whose orbit stays in a neighbourhood Vq of A. All the neighbourhoods 
V of A we will consider will be contained in Vo- 

5.2 Structure of stable sets 

In this section one studies the stable sets of invariant sets K' C U f] A. This will allow us to 
define four cases to be discussed in the proof. 

The first result approximates the stable sets by stable manifolds of periodic orbits. 

Lemma 5.2. Let x E A be a point whose co-limit set uj{x) is contained in U. Then, for any 
e > 0, there exist a periodic orbit O C U and a point y 6 W s (0) whose forward orbit has a 
closure {f n (y),n > 0} that is e-close to {f n (x),n > 0} for the Hausdorff distance. 

Proof. By our assumptions (I'), the chain-transitive set K' = oj(x) has type (N). One considers 
the maximal invariant set K' in a small neighbourhood Uq of K' and one fixes a plaque family 
T> cs that is tangent to E s © E c over K' and whose plaques have a diameter r smaller than e/2. 
Since K' has type (N), by remark [2.31 d) one can assume the following trapping property: for 
each x £ K', the closure of f(T>^. s ) is contained in T^f S (x)- One wm a PP^ the weak shadowing 
lemma [2791 to r and to the neighbourhood Uo of K' and r > 0: it allows to cs-shadows pseudo- 
orbits in a smaller neighbourhood U\ C Uq of K' . One also considers iiq > such that f n (x) 
belongs to U\ for any n > Uq. 

Let 5q > be smaller than e/2||L'/~ fc || for each < k < uq and let Eq > be the constant 
associated to Jo by the shadowing lemma 12.91 One can build a eo-pseudo-orbit {z n } n > no in 
Ui by first following the forward orbit {f n (x)} n >n of x and then a periodic eo-pseudo-orbit in 
uj(x). One thus gets an orbit {f n (y')}n>n in K' that (r, d>o)-cs-shadows {z n } n > no : in particular 
the point f n °(x) is 5o-close to a point f n °(y) 6 P^ , By the trapping property the point 

/ n (y) still belongs to ^fnfy') ^ or n — n °' 

By our choice of Jo, the points f n (x) and f n (y) are e/2-close also for any < n < uq. By 
having chosen 5q small enough, one can assume that the forward iterates of y and x remain 
arbitrarily close during an arbitrarily long time n\. After time ni, the plaque 'Dp.iy') con t ams 
both f n (y) and a point which is <5o-close to K' . One deduces that f n (y) belongs to the (5o+e/2)- 
neighbourhood of K' = uj(x). Hence the sets {f n (x),n > 0} and {f n (y),n > 0} are e-close for 
the Hausdorff distance. 

For ri2 large the sequence (z n ) n > n2 is periodic and (r, <5o)-cs-shadowed by (/ n (y))n>n 2 - Hence 
by the weak shadowing lemma there exists a periodic point p such that f n (y) belongs to ^Y n (p) 
for each n > n^. By the trapping property the point f n (y) belongs to the stable set of a periodic 
point q £ Vf n( This concludes the proof. □ 
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This lemma justifies the following definitions. 
Definition 5.3. Let x G A such that uj(x) C U. 

- We say that x is approximated by strong stable manifolds if for any e > 0, there exist a periodic 
orbit Oct/ and a point y G W ss (0) such that {f n {y),n > 0} is e-close to > 0} for 
the Hausdorff distance. 

- We say that x is approximated by large stable manifolds if for any rj > 0, there exists 
p > and for any e > there exists a periodic orbit O C U and a point y € W s {0) such 
that {f n (y),n > 0} is e-close to {/ n (rr),n > 0} for the Hausdorff distance, and there exists a 
(dim(E s ) + l)-dimensional disc of radius p centred at y which belongs to the stable set of O and 
whose forward iterates have a diameter smaller than r\. 

Lemma 5.4. Any point x G A such that u(x) C U is either approximated by strong stable 
manifolds or by large stable manifolds. 

Proof. By lemma [5?2| there exists some points y G M such that {f n (y),n > 0} is arbitrarily 
close to {f n (x),n > 0} for the Hausdorff distance and y belongs to the stable set of a periodic 
orbit O. We fix some rj > 0. 

The set u(x) has type (N), hence by the trapping property there exists po > such that all 
the forward iterates of the po _ne ighbourhood of x in D^jf have a diameter smaller than rj/2. 

By continuity and trapping, the same property holds for any point y G W s {0) such that 
{f n (y),n > 0} is close to {f n (x),n > 0} for the Hausdorff distance: the plaque family D cs is 
defined above the periodic orbit O and for each n > there exists a (dim(£' s ) + l)-dimensional 
disc D n centred at f n (y) whose large iterates f m (D n ) all belong to the centre-stable plaque of 
O and have a diameter bounded by rj. For n larger than some no, the disc D n can be chosen 
with a uniform radius 5. One then choose p such that the image of any disc of radius p by f n ° 
has diameter bounded by 5: the preimage f~ n °(D no ) contains a disc D y centred at y of uniform 
radius p and whose forward iterates have a diameter smaller than max{e/2,r/}. Note that any 
point in a disc D y accumulates by forward iterations inside the union of the plaques T> c over O; 
hence any point in D y belong to the stable manifold of a periodic orbit. 

Two cases are now possible. 

- For each point y the disc D y at y is contained in the stable set of O. By definition x is 
then approximated by large stable manifolds. 

- For some point y there exist in D y two points that belong to the stable set of distinct 
periodic orbits. The complement of the strong stable sets of the periodic orbits is open in 
D y and not connected, hence D y contains a point y' which belongs to the strong stable 
set of a periodic orbit O' . By construction {f n (y'),n > 0} is e/2-close to {f n (y),n > 0} 
hence e-close to {f n (x),n > 0}. 

The result follows. □ 



We now describe the geometry of the stable set of points x £ A such that {f n (x),n > 0} C U 
inside the plaque V^f. Since K has type (N), remark l23I d) applies. Hence, if the plaques of V cs 
and the neighbourhood U have been chosen small enough, the forward iterates of the plaque T> c £ 
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have a small diameter; consequently the plaques T>^ are foliated by strong stable leaves Wf*{z) 
(tangent to the bundle E ss ). By reducing the plaques of T> cs if necessary one also deduces that 
T> x parametrises the strong stable leaves of T) x s . 

Definition 5.5. The local stable set of a point x such that {f n (x),n > 0} C U is the set: 

W^x) = (c, AC) G Z>£ (a0 for every n > and d(/ n (x), /" (*)) —> 
Its trace on the central plaque will be denoted by 

i s x = wf oc (x)nv c x . 

By the previous discussion, /J is a sub interval in containing x such that 

= |J Wf o s c (0- 

Hence I x is reduced to {x} if the stable set of x is trivial in the central direction. 

Note that by reducing U, the trapping properties along the plaques T> c implies that the 
length of I x can be assumed to be bounded by a small constant. In particular I x and T> x do not 
coincide and one has 

One may consider the two endpoints of JJ (i.e. the points in /J n V x \ I*). The following result 
shows that if x is an endpoint of I x then it is approximated by strong stable manifolds. 

Lemma 5.6. Let x G A be a point such that {/ n (x),n > 0} C U and assume that x is an 
endpoint of the curve I*. Then for any e > 0, there exists a neighbourhood U' of oj(x) with 
the following property. For any periodic orbit O contained in U' , there exists a point y £ 
W ss (0) whose forward orbit has a closure {f n (y),n > 0} that is e-close to {f n (x'),n > 0} for 
the Hausdorff distance. 

Proof. One first parametrises the plaque T> c x centred at x and identifies it to the interval [ — 1, l]a;. 
Since x is an endpoint of I x one can assume that I x is disjoint from (0, l] x - 

Let us choose r\ > small. We claim that there exists 5 > such that all the forward iterates 
of [0,rj) x have a length larger than 5 > 0. Indeed, for a central model of u>(x), consider some 
neighbourhood B of the section that is attracting for by continuity, one may extend B so 
that for any point z whose forward orbit remains close to uj(x) one still has f{Br\T>^) D BCiD^^y 
For no large enough, the forward orbit of / n (x), n > no, stays in a small neighbourhood of u)(x). 
Hence two cases appear. 

- There exists n > no such that / n ([0, rj\ x ) C meets the complement of B. In this 
case, all the larger iterates are also trapped by B and the lengths / n ([0, rj\ x ) are bounded 
from below by the width of B, as claimed. 

- The length of / n ([0, 77]^) for n large is smaller that the width of B. This case can not occur 
for any B inside a decreasing sequence of trapping neighbourhoods, since this would imply 
that |/ n ([0, rj] x )\ — > as n — > +00 and contradict the fact that (0, r]] x is disjoint from I x . 
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We thus obtain the claim. 

From the claim, one deduces that for each z G w(x), the limit set of the curves / n ([0, rf\ x ) 
contains an interval J z C T> c z of length larger than 5 and that contains z. Since uj(x) is a non- 
twisted minimal set (by assumption (I')), there exists z ^ z' in u>(x) such that W^ c {z') intersects 
U(eJ, ^ioc(C)- Let O be a periodic orbit close to u;(2;): it contains a point p arbitrarily close to 
z' . There exists an iterate f n {x) close to z, so that W^ c {p) meets U^e/"([o rj\ x ) ^oc(C) a ^ some 
point f n {y). 

By construction the iterates (y, f n (y)) belong to the plaques T> cu along the iterates 
(x, . . . ,/ n (x)) and the iterates f k (y) for k > n belong to the local strong stable manifold of 
O. Since the plaques and the local invariant manifolds may be assumed to have an arbitrar- 
ily small diameter, this implies that the set {f n (y),n > 0} can be chosen arbitrarily close to 
{f n (x),n > 0} for the Hausdorff distance. □ 



One considers similarly the y £ A such that {/ n (y),n > 0} C U: they are approximated 
by strong unstable manifolds or by large unstable manifolds. One defines the set I" C T>%. 



Discussion. In the following we continue the proof of proposition 15. 11 By lemmas 15.41 and [5.61 
the following cases should be considered. 

1. There is no x,y S A satisfying x y ct{y) and uj{x) = a{y) C U. 

2. There exist x, y £ A satisfying x u>(x), y and uj(x) = a(y) C U. Taking iterates, 
one can assume that {f n (x),n > 0} and {f~ n (y),n > 0} are contained in U. We introduce 
three subcases. 

a) x is approximated by strong stable manifolds and y is an endpoint of Iy . 

(Or x is an endpoint of Z£ and y is approximated by strong stable manifolds.) 

b) x is approximated by large stable manifolds and y is an endpoint of Iy. 

(Or x is an endpoint of and y is approximated by large stable manifolds.) 

c) x is not an endpoint of I| and y is not an endpoint of Iy. 
5.3 Trapped central behaviour 

Let us conclude the proof of proposition 15.11 in the cases 1 and 2. a. One will show that the 
dynamics along the centre plaques has bounded deviations, so that one can hope to recover the 
argument of corollary 12.121 and create a heterodimensional cycle. 
We first deal with case 1. 

Lemma 5.7. Let us suppose that there is no points x,y E A satisfying x u>(x), y ^ a{y) and 
uj{x) = a(y) C U. Then, one can create in each neighbourhood V of A a heterodimensional 
cycle associated to a periodic orbit contained in U by a C 1 -small perturbation of f. 

Proof. We first prove that U fl A contain non-recurrent dynamics. 

Claim 5.8. Let K' C A n U be a minimal compact set and U' C U a neighbourhood of K' . 
There exists a point z such that 
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- {f n (z),n £ Z} C U' D A and z g a(z) Uuj(z); 



- for any neighbourhood U a of a{z), there exists a neighbourhood U w of u>(z) such that for 
any periodic orbit O C U U) there exists a point y E U a D W ss {0) whose forward orbit is 
contained in U' . 

Proof. Let us apply lemma 11.111 to the set K': there exists a point x + £" K' and an invariant 
compact set A + C U' H A containing K' U uj(x + ). If A + contains a point z such that z £" 
a(z) U oo(z) we are done, otherwise the set A + is chain-transitive. In this second case by the 
assumption (I') one has K' = lo(x + ) = A + . Similarly there exists a point x~ £" K' and an 
invariant compact set A~ C V fl A containing K' U a{x~). Either it contains a point z such 
that z £" a(z) U tv(z) or K' = a(x~) = A - . But by assumption u(x + ) and a(x~) cannot both 
coincide with K' . This gives the first item of the claim. 

We then prove that the length of / _n (I|) goes to zero as n — ► +oo. By (|5.ip . one has 

/-»(/;) = j;_ w . 

If one assumes that the length of / _n (/|) does not decrease to zero, one finds an accumulation 
point x E a(z) and an interval 7 C such that f n (j) C V c ^ n ^ for each n > and 7 is 
contained in the chain-stable set of the chain-recurrence class containing K. Since a(z) has type 
(N) by assumption (F), a(z) is a minimal set whose central dynamics is trapped, so at any point 
x £ Oi(z) such a segment 7 exists and has a uniform size. This implies that a{z) has type (Psjv)> 
contradicting our assumption (I'). 

We end with the proof of the second item. Let us fix a neighbourhood U a of a(z). Since the 
length of /~ n (/|) goes to zero, there exists an iterate f~ n (z) such that I S j_ n ^ is contained in 
U a . Lemma 15.61 then gives a neighbourhood of oj{z) such that for any periodic orbit O C U u 
there is a point y £ U a fl W /SS (C) whose forward orbit is contained in a small neighbourhood of 
the segments / fc_n (/|), k > 0. 

The second item now follows if one proves that all the segments A; > are contained 

in U': this will be ensured by choosing the point z carefully. Note first that the construction of z 
can be performed in any small neighbourhood of K': one gets a sequence (zk) such that the sets 
{f n (zk),n £ Z} converge to K' for the Hausdorff topology. Let us assume that the supremum 
of the lengths f n {Il k ) for n £ Z does not goes to zero when k goes to infinity: a sequence of 
arcs f n (Iz k ) converges toward a non-trivial segment 7 contained in a central plaque X^, for some 
x & K' and contained in the chain-recurrence class of K. Hence K' has type (R), contradicting 
the assumption (I'). One thus get the required property by choosing z = z^ for k large. □ 

One can now conclude the proof of the lemma. The claim [5\8l applied to (K, U) provides us 
with a point z. One chooses C, + a{z). Let us consider any neig hbourhood U of / in Diff^M). 
By the connecting lemma (recalled in section ll.4p , one obtains an integer ./V > 1 and arbitrarily 
small neighbourhoods W + C W + of £ + . One can require that the ./V first iterates of W + are 
disjoint and have closures disjoint from to(z). Since a{z) is minimal one can find a neighbourhood 
U a such that any orbit that has a point in U a meets W + . One then applies the second item of 
claim [5T51 and introduces a neighbourhood U u or uj(z): for any periodic orbit O contained in 
the strong stable set W ss (0) meets W + . 

Let us now apply claim [5\8l to (uj(z), U w ). One obtains a point z' such that {f n (z'),n £ Z} is 
contained in U w and z' a(z') Uw(z'). One then chooses two small neighbourhoods W~ C W~ 
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of a point £ E ^{z') and whose iV first backward iterates are disjoint and have closures disjoint 
from a(z') and are contained in U w . In particular, the iterates of f l (W + ) and f~^(W~) for 
< i, j < N can be chosen disjoint with closures disjoint from a(z'). By Pugh's closing lemma 
and our choice of TZn, there exists a periodic orbit O close to the minimal set ct(z') for the 
Hausdorff topology; its strong stable set meets W + at a point x + and its strong unstable set 
meets W~ at a point x~ . The forward orbit of x + is contained in U and the backward orbit of 
x~ is contained in U^. In particular the iterates f l (W + ), for < i < N are disjoint from the 
backward orbit of x~ . 

Since / belongs to TZ^ C H-chain, lemma [T. 121 is satisfied and there exists a segment of orbit 
(xo, . . . , f e (xo)) contained in V such that xo belongs to W~ and / (xo) to W + . Arguing as 
in the proof of proposition 1 1 . 101 one can then connects the backward orbit {f~ l (x~),i > m~} 
to the forward orbit > m + }, for m,m + large, using the finite orbit (xo, ■ • • ,f i (xo)) 

by a perturbation go e U supported in the iterates f k {W + ) and f~ k (W~) for < k < N. 
Hence the periodic orbit O has a strong homoclinic intersection. Since O is contained in an 
arbitrarily small neighbourhood of the set ct(z') of type (N), its centre Lyapunov exponent is 
arbitrarily close to zero and by proposition 10.31 one can by C 1 -small perturbation g of go create 
a heterodimensional cycle associated to periodic orbits contained in U. By construction the 
cycle is contained in the union of the support of the perturbation with a neighbourhood of the 
backward orbit of x~ , the forward orbit of x + and the segment of orbit (xq, . . . , f e (xo)). In 
particular, it is contained in V. □ 

The case 2. a is even simpler. 

Lemma 5.9. Let K' C U n A be an invariant compact set and let x,y £ A \ K' such that 
u(x) = a(y) = K' and {f~ n {y),n> 0} C U. 

If x is approximated by strong stable manifolds and y is an endpoint of Iy, then by a C 1 - 
small perturbation of f one can create in each neighbourhood V of A a heterodimensional cycle 
associated to a periodic orbit contained in U. 

Proof. Let U be a C 1 -neighbourhood of /. The connecting lemma (recalled in section II. 4j) 
associates an integer N > 1 and some arbitrarily small neighbourhoods W + C W + of x and 
W~ C W~ of y. One may assume that the iterates f l {W + ) and f~^{W~) for < i,j < N 
are pairwise disjoint and have closures disjoint from K'. Moreover the iterates f l (W + ) for 
< i < N are disjoint from the backward orbit of y. Since / belongs to TZn C T^chain, 
lemma [1.121 is satisfied and there exists a segment of orbit (xq, . . . , f i {xo)) contained in V such 
that xo belongs to W~ and f e (xo) to W + . 

Since x is approximated by strong stable manifolds, there exists a periodic orbit O arbitrarily 
close to K' for the Hausdorff topology whose strong stable manifold meets W + at some point 
x + . Since y is an endpoint of Iy and by lemma [5Uj the strong unstable manifold of O meets 

W~ at a point x~, provided O has been chosen close enough to K' . The sets {/ _fc (x~), k > 0} 
and {f~ k (y),k > 0} are close for the Hausdorff topology. One thus deduces that the iterates 
f l (W + ) for < i < N are disjoint from the backward orbit of x~ . 

Arguing as in the proofs of proposition 11.101 and lemma 15.71 one concludes that there exists 
a perturbation g € IA of / with support in the union of the f l (W + ) U f~ l (W~), for < i < N 
such that O has a strong homoclinic intersection. Since O is close to K, its central exponent is 
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close to zero and from proposition IU.3I one can obtain a heterodimensional cycle by another C 1 - 
perturbation, associated to periodic orbits close to K' (hence contained in U). By construction 
the cycle is contained in V as required. □ 



5.4 Large stable set and trapped unstable set 

In case 2.b, the dynamics can be approximated by periodic orbits having an iterate whose local 
central manifold has a uniform size. Hence, one can hope to argue as in the chain-hyperbolic 
case and prove that the chain-recurrence class of K contains hyperbolic periodic orbits whose 
central exponent is weak. 

Lemma 5.10. Let K' C U n A be an invariant compact set and let x,y € A \ K' such that 
uj{x) = a{y) = K' and {f~ n {y),n> 0} C U. 

If x is approximated by large stable manifolds and y is an endpoint of Iy, then for any 
5, n > 0, there exists p > and a sequence of hyperbolic periodic orbits (O n ) with the following 
properties. 

1. The sequence {O n ) converges for the Hausdorff topology toward a compact set A C A. 

2. The (dim(£' s ) + l)-th Lyapunov exponent of each orbit O n belongs to (—5, 0). In particular 
the index of O n is d\m.{E s ) + 1. 

3. In each orbit O n there exists a point p whose stable manifold contains an immersed ball 
Bp centred at p of radius p and whose forward iterates have radius bounded by n. 

Proof. Let S = {l/n,n > 0} and let (V n ) n >o be a countable family of open sets such that for 
any compact set A' and any neighbourhood V of A' , there exists V n in the family satisfying 
A' C V n C V. For 5, n,p G S, let us denote by U(V n , 5,n, p) the set of diffeomorphisms which 
possess a hyperbolic periodic orbit contained in V n satisfying the items 2 and 3 above. This set 



is open. Let Tv^.b be the intersection of the U(V n ,5,r], p) U ^Diff (M) \ U(V n , 5, n, p)J over the 

4-uples (V n , S, i], p). This is a G$ dense subset of Diff 1 (M). Since / is C 1 generic one can assume 
that it belongs to T^.ft- 

In the following, one fixes 5,n G S and one associates p £ S which satisfies the definition 15.31 
of approximation by large stable manifold for x and n. The following claim gives for each V n a 
periodic orbit O n C V n that satisfies the items 2 and 3; in particular it implies the lemma. 

Claim 5.11. For each V n containing A, the diffeomorphism f belongs to L((V n ,5,r], p). 

The definition 15.31 provides us with a sequence (Ofc) of periodic orbit that converges towards 
K' and a sequence of points x^ in the stables sets W s {Ok) that converges toward x such that the 
ball Dk centred at x^ and of radius p is contained in the stable manifold of and its forward 
iterates have a radius bounded by n. 

We note that the diameter of the disks (/ n (-Dfc))n>o decreases uniformly to zero as n — > oo. 
Indeed if this were not satisfied, a sub-sequence of disks (f n (Di t )) would converge toward a 
non-trivial segment 7 contained in the central plaque of a point of K'\ since 7 is contained in 
the chain-stable set of K', this would contradict the fact that K' has type (I') only. This gives 
the property. 
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We continue with the proof of the claim. In order to prove that / belongs to U(V n , 5, rj, p) it 
is enough to show that / G T^.fc is limit of diffeomorphisms in U(V n ,5, rj,p). We thus consider 
a neighbourhood U of / in Diff 1 (M) and we have to show that U HU (V n , 5, r), p) is non-empty. 

One associates to (f,U) by the connecting lemma an integer N > 1 and some small neigh- 
bourhoods W + C W + and W~ C W~ of f~ N (x) and y respectively such that the iterates 
f l iyV + ) and f~ ] iyV~) for < i,j < N are pairwise disjoint and have closures that are disjoint 
from the set K' and the orbits {f k (x),k > 0} and {f~ k ~ N (y),k > 0}. Recall that the iterates 
f n {Dk) considered above have a diameter that decrease uniformly to zero as n goes to +oo and 
accumulate on the set K'. Hence, if W + has a small diameter, it is disjoint from all the f n (Dk), 
n,k > 0, provided k is large enough. 

Since / belongs to Hjv C TZ-chain, lemma 11.121 is satisfied and there exists a segment of 
orbit (xq, . . . , f e (xo)) contained in V n such that xq belongs to W~ and / (xq) to W + . Since x is 
approximated by large stable manifolds and y is an endpoint of Iy, there exists (among the family 

(Ok)) a periodicjjrbit O of index dim(£J 1 ) + 1 close to K' and two points x + G W s (0) W + 
and x~ G W uu (0) n W~ such that 

- {f n (x+),n > 0} is close to {f n (x),n> 0} and {f- n {x~),n > 0} is close to {f~ n (y),n > 0} 
for the Hausdorff distance; 

- the stable manifold of O contains a ball of radius p centred at x + whose forward iterates 
have a diameter less than rj. 

Arguing as in the proofs of proposition 11.101 and lemma 15.71 one concludes that there exists 
a perturbation g G IA of / with support in the union of the P{W + ) U f~ l (W~), for < i < N 
such that O has a homoclinic intersection at x. Moreover the neighbourhood W + has been 
chosen small enough to be disjoint from the forward iterates of the disk centred at x + of radius 
p in W s (0). In particular the stable manifold of O for g still contains a disk B x + of radius p 
centred at x + and whose forward iterates have a diameter smaller than 77. 

By arbitrarily small perturbation, one can assume that the homoclinic intersection at x + 
is transversal. As a consequence, there exists a transitive hyperbolic set containing O and the 
orbit of x + . One deduces that there exists a periodic orbit O n whose central Lyapunov exponent 
is close to the exponent of O, and a point p G O n whose local stable manifold is close to the 
stable set of x + : in particular, it contains a ball B p of radius p. By hyperbolicity, there exists 
no such that the radius of f n (B p ) is smaller than r\ for any n > no- On the other hand, if p has 
been chosen close enough to x + , the diameter of f n (B p ) for < n < hq is close to the diameter 
of B x +, hence have a radius smaller than r]. Consequently all the forward iterates of have a 
diameter smaller than rj, as required. 

Since O is close to K, its central exponent is close to zero and belongs to (—5, 0). This ends 
the proof of the claim and of the lemma. □ 

The following result asserts that the periodic orbits provided by lemma 15.101 are homoclini- 
cally related together. This concludes the proof of proposition 15.11 in the case 2.b. 

Lemma 5.12. Let us fix r] and 5 small. Let (O n ) be a sequence of hyperbolic periodic orbits 
satisfying properties 1, 2 and 3 of lemma [5.1(A Then the orbits O n from an extracted subsequence 
are homoclinically related together. 



44 



\\Dfr E l(z)\\ 

Proof. Let us define A > 1 as the supremum of sup — ; over the x S A. By choosing 

z,z'&v- \\Df lEc {z')\\ 

the plaques T> c small enough one can ensure that A < e s . If the constant r\ that appear in 
lemma 15. 101 is small enough, one can assume that rj and r/||D/|| are smaller than the infimum of 
the radii of the plaques V c . 

Consider any orbit O n . Since the Lyapunov exponent along E c belongs to (—5,0), by Pliss 
lemma there exists q S O n such that for each k > one has 

\\Df- E k c (q)\\<e k5 . (5.2) 

For each point z E O n let us define T z C T> c z as the maximal interval containing z such that 
f k {T z ) C V c z for each k > and T z is contained in the stable set of O n . By property 3 of 
lemma [5, 101 and our choice of r], there exists p € O n such that: 

(*) T p contains the ^-neighbourhood of p in T> z . 

Let us write p = f (q) where £ > is strictly smaller than the period of O n . One can choose p 
so that it is the only iterate f k (q) with < k < £ which satisfies property (*). We claim that 
for each k > one has 

\\D0(p)\\<e kS . (5.3) 

By our choice of p, for any iterate f~ k (p) with < k < £ one of the branches J of ^f-ku,-\ \ 
{f~ k (p)} has size smaller than p. Since p||D/|| is smaller than the radius of the plaque T> c , 
this implies that f(J) is contained in Vj._ k+1 , y hence coincides with one branch of Tf-k+i^ \ 

{f~ k+1 (p)}- One can thus define a sequence jo = < j\ < • ■ ■ < j s = £ having the following 
property: 

For each < i < s there is a branch Jj of ^ f-h( p ) \ {f~^ l (p)} of s i ze larger than p and 
such that all the iterates f~ k (Ji) with 1 < k < j'j+i — ji have a length smaller than p. 

In particular this implies that \\D f^ E k c (f~^(p))\\ with 1 < k < ji+i — ji is bounded by X k . By 
combining the estimates over the different ji, one thus gets for each < k < £, 

\\Dfr E k ( P )\\<X k - 



With our choice of A < e and (|5.2[) one deduces (|5.3I) as claimed. 

By the domination E c ® E%, this implies that there exists v > 1 (which does not depend on 
O n ) such that 

fe-i 

II \\Df^{r u \q))\\ < e~ kp , 

i=0 

where p is uniform and positive if 5 has been chosen close enough to 0. In particular one deduces 
that the local unstable manifold at p has a uniform size. 

We claim that the local stable manifold at p also has a uniform size: by property (*) the set 
T p contains the p-neighbourhood of p in T>p, so the stable manifold at p has a uniform size along 
T>p. Now since f k (F p ) belongs to Vj. k ^ for each k > 0, one has at any point z G T p 

\\Df k Tv (z)\\<C\ k , 
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where C > is uniform. The domination E\ © E° implies that for k > one has 

\\Dtf El (p)\\<Ce- k o, 

where p is positive and uniform As a consequence a uniform tubular neighbourhood of T p in Dp S 
is contracted by forward iterations and contained in the stable set of p. This proves the claim. 

We have shown that each periodic orbit O n contains one point p n whose local stable and 
unstable manifolds have uniform sizes. By considering an extracted subsequence of (O n ) one 
may assume that all the points p n are close together. This implies that all the orbits O n are 
homo clinically related together. □ 



5.5 Large stable and unstable sets 

In case 2.c, one can create by perturbation some central segments that are homoclinic to a 
minimal set K' C U D A. Taking their limit, one gets a central segment for the set A and the 
diffeomorphism /. One can hope to argue as for proposition 14.11 The difficulty is that the 
bundles E\ and E% on A are not uniform. 

Lemma 5.13. Let K' C U n A be an invariant compact set and let x,y G A \ K' such that 
u>(x) = a(y) = K' and {f n (x),n > 0} U {f~ n (y),n > 0} C U. If x is not an endpoint of I s x and 
y is not an endpoint of Iy, then there exists p > such that the following property holds. 

For each neighbourhoods U of f and V of A, there exists g G U, z G M \ K' and an arc 7 
such that the following properties hold. 

- / and g coincide in a neighbourhood of K' ; the backward and the forward orbits of z by g 
accumulate on K' and are contained in V; 

- 7 has length p; the length the iterates f k (j) is bounded by p and goes to zero as k — > ±00. 

Proof. By assumption there exists p > such that the ball B^f centred at x of radius p in T>^f is 
contained in the stable set of x and the ball By U centred at y of radius p in T>y U is contained in 
the unstable set of y Note also that since x is not in the basin of a periodic orbit, the backward 
orbit of x is disjoint from the forward orbit of B^ s and the backward orbit of y is disjoint from 
the forward orbit of By U . 

The connecting lemma associates at (f,U) some neighbourhoods W + C W + and W~ C W~ 
of x and y respectively and an integer N. If the neighbourhoods are small enough the iterates 
f~ l {W + ) and f 3 iyV~) for < i, j < N are contained in V, are pairwise disjoint, disjoint from 
the iterates f k {B^ s ) and f~~ k (By U ) for k > and disjoint from K' . 

Since / belongs to 1Z n C IZchain, lemma PL 121 applies and there exists a segment or orbit 
(xo, . . . , f (xo)) contained in V such that xq belongs to W~ and f {xq) to W + . As in the 
proof of proposition 11.101 there exists a perturbation g G IA of / with support in the iterates 
f~ l (W + ) and f^(W~) for < i,j < N such that the points x and y belong to a same orbit 
which accumulates on K' in the future and in the past. Note that the forward orbit of x and 
the backward orbit of y have not been perturbed. 

Let us recall that Vq is a fixed neighbourhood of A. Let us write x = g r (y) and define 

r 

B^ = g r (B^)nf]g r (V ). 

i=0 
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This is a submanifold at x whose backward iterates are contained in Vq and tangent to a centre- 
unstable cone. Let ^ x be the largest curve bounded by x in the intersection B^f n By U whose 
iterates are all of length smaller than p. By construction all the iterates of "f x are tangent to a 
centre-cone, and by maximality, one of them 7 = f n {^ x ) has length p. We denote z = f n (x). □ 

We now conclude the proof of proposition 15.11 

Corollary 5.14. Let V be a neighbourhood of A, K' C U D A be an invariant compact set and 
let x,y G A\ K' such that u(x) = a(y) = K' and {f n (x),n > 0} U {f~ n {y),n > 0} C U. 

If x is not an endpoint of I x and y is not an endpoint of Iy, then there exists a sequence 
of hyperbolic periodic orbits (O n ) contained in V that are homoclinically related together, which 
converges toward a compact subset of A, whose indices are d\m{E s ), and whose &\m{E s ) + 1-th 
Lyapunov exponent goes to zero as n — > 00. 

Proof. Let S = {l/n,n > 0} and let V be a countable basis of open sets of M. For 5 G S and 
V, W G V, let us denote by U ( V, W, S) the set of diffeomorphisms which possess a hyperbolic 
periodic orbit O contained in V of index dim(£ ,JS ), whose d\m(E s ) + 1-th exponent belongs to 
(0, 5) and such that for some point p S O n W one has 

Vk > 0, \\D lEc f k (p)\\ < e kS , and \\D lE cf- k (p)\\ < e kS . (5.4) 

This set is open. Let TZ 2 . C be the intersection of the U(V,W,S) U LDiff^M) \ U(V, W, 8) \ over 

the 3-uples (V, W, 5). This is a G,5 and dense subset of Diff 1 (M). Since / is C 1 generic one can 
assume that it belongs to 7^2. c • 

Let us fix 5 G S small and let V be a small neighbourhood of A. By applying lemma 15.131 
one gets a sequence of diffeomorphisms g n that converges to / and a sequence of arcs 7 n . Note 
that the constant p provided by the lemma can be reduced so that the p-neighbourhood of K' 
is contained in V and for any segment 7' tangent to a central cone and of length less than p, 
one has for any x,y G 7', and any g in a neighbourhood of /, 

\\Dg lE c(x)\\<e 5 / 2 \\Dg lEC (y)\\. 

Consequently, for each diffeomorphism g n and each arc j n provided by the lemma [5. 131 one has 

at any z G J n , 

Vfc > 0, < e k& l\ and \\D\ Ec g- k {z)\\ < e k5 / 2 . (5.5) 

A subsequence of the arcs j n converges toward an arc 7 which is a central segment of A for g: in 
particular it is contained in the chain-recurrence class of K' and property (15.5f) is still satisfied. 
One can choose W as a small neighbourhood of the centre point of 7. 

Claim 5.15. The diffeomorphism f belongs to U(V,W,8). 

Proof. Since / belongs to 7^2.o it is enough to approximate / by diffeomorphisms in U{V, W, 5). 

Let us consider g n arbitrarily close to / and let j n be a segment given by lemma [5.131 Fix 
a point p in W D j n . The orbit of p under /„ accumulates in the future and in the past on the 
minimal set K' . Hence, it is possible by the connecting lemma to close its orbit: for a small 
perturbation ho of g n , the orbit O of p is periodic, its shadows the orbit of p for g n during a large 
time interval [—£,£] and spends the remaining iterates in a small neighbourhood of K' . As a 
consequence, O is contained in V. If the orbit of O is long enough, the Lyapunov exponent of O 
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along E c is arbitrarily close to zero. Hence for a small perturbation h of in a neighbourhood 
of K', the Lyapunov exponent of O along E c belongs to (0, 5). Prom (|5.5p and the fact that the 
Lyapunov exponents along E c on K' are all zero, the point p satisfies 

\fk > 0, \\D\ E ch k Q {p)\\ < e kS , and \\D {E chQ k (p)\\ < e kS . 

This proves that the diffeomorphism h belongs to U(V, W, 5) and is close to /, implying the 
claim. □ 

Let O be the periodic orbit provided by the claim. If 5 has been chosen small enough, the 
dominated splitting E\ © E c © E% that holds on a neighbourhood of A and (15. 4p ensure that for 
some uniform constants C > and AG (0, 1) one has 

VA; > 0, \\D\ E J k (p)\\ < C\ k and \\D\ E .J- k (p)\\ < C\ k . 

In particular, the point p has large strong stable and strong unstable manifolds. Similarly any 
point of 7 has large strong stable and strong unstable manifolds. Since p is close to the centre 
of 7, we are in the same situation as in proposition 14.11 (we have replaced the uniformity on the 
bundles E s and E u by a control at p and at the points of 7). By the same proof (see IC2I ), 
one deduces that the strong unstable manifold of some point of 7 intersects the strong stable 
manifold of p and he strong stable manifold of some point of 7 intersects the strong unstable 
manifold of p. Hence the chain-recurrence class of O, 7 and K' coincide. 

We have found in V a periodic orbit O whose dim(i^ s ) + 1-th Lyapunov exponent belongs to 
(0,5) and whose chain-recurrence class intersects K'\ the same argument, for each 5 n G S in a 
sequence which decreases to and each V n G V in a sequence of neighbourhoods which decreases 
to A, will produce a sequence of periodic orbits of index dim(£' s ) whose chain-recurrence classes 
coincide and by definition of TZn these orbits are homoclinically related together. □ 



6 Dynamics far from homoclinic bifurcations 

We complete in this section the proofs of the results announced in the introduction. 

One chooses the residual set 1Z C Diff 1 (M) \ Tang U Cycl so that any / G H satisfies the 
following properties. 

- Each periodic point p is hyperbolic and its chain-recurrence class coincides with the ho- 
moclinic class H(p) (see |BC] ). 

- For each periodic orbits 0,0' in a same chain-recurrence class, and such that the index 
of O is smaller or equal to the index of O' , then it holds that W u (0) and W s (0') have a 
non-empty transverse intersection (see jABCDWl lemma 2.9]). 

- 72. is contained in 1Zr,1Z' r ,TZh ,T^n arid hence satisfies the conclusion of propositions 14. 1\ 
l4T21IPl andl5TTl 

In the following / is a diffeomorphism in 1Z. Let us recall that a homoclinic class of / 
cannot contains periodic points of different indices: indeed if O, O' are contained in the same 
homoclinic class and if the index of O is smaller than the index of C, then W u (0) and W s (0') 
have a non-empty transverse intersection which persits under small C 1 -perturbations; with the 
connecting lemma it is possible to perturb the dynamics so that W s (0) and W u (0') intersect 
(see jABCDWl lemma 2.9]); one thus has built a heterodimensional cycle and contradicted the 
fact that / G 1 Cycl. 
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Minimal sets. Let us consider a minimal invariant compact set K which has a partially 
hyperbolic structure E s © E c © E u with dim(£' c ) = 1 and such that the Lyapunov exponent 
along E c of any invariant measure supported on K is zero. 

Claim 6.1. One of the two following cases occur: 

- K is a chain-recurrence class and has type (N); 

- K is contained in a homoclinic class having periodic pointy of index dim(.E s ) or dim(S s ) + l 
and whose central Lyapunov exponent is arbitrarily close to zero. 

Proof. First corollary 13.31 asserts that K can not have type (P) and be twisted. 

If K has type (P) and is not twisted, or if it has type (R) or (H), then propositions 14.11 and 
14.41 imply that K is contained in a homoclinic class associated to periodic orbits contained in an 
arbitrarily small neighbourhood of K: in particular, the class contains periodic points of index 
d\m.(E s ) or &\m{E s ) + 1 and whose (&\m.{E s ) + l)-th Lyapunov exponent is arbitrarily close to 
zero. The second item holds. 

If K has type (N), proposition 15. II directly implies that the first or the second item holds. □ 

Aperiodic classes. Let C be an aperiodic class. The tangent bundle TqM is not uniformly 
contracted. Hence by theorem [TJ applied to the trivial decomposition E © F = TqM © {0}, the 
class contains a minimal set K with a partially hyperbolic structure as discussed in the previous 
paragraph. Since C is aperiodic, the set K has type (N) and coincides with C. This proves the 
addendum B. 

Homoclinic classes. Let H(p) be a non-trivial homoclinic class. It contains a dense set of 
periodic points having the same index as p. As a consequence of Wen's corollary ll.il there exists 
a dominated splitting Tjj^M = E © F such that dim(E) coincides with the index of p. 
Let us consider the case E is not uniformly contracted. One can apply Theorem [TJ 

- Since the class H (p) does not contain periodic points with different indices, the first case 
of the theorem does not hold. 

- If we are in the second case, the bundle E splits again as E'QEf with dim(El) = 1 and the 
homoclinic class contains periodic points homoclinically related to p and whose Lyapunov 
exponent along E\ is arbitrarily close to zero. 

- If we are in the third case, the class contains a minimal set K with a partially hyperbolic 
structure such that dim(E^ K ) < dim(E) as discussed in the first paragraph. By the 
claim [67T1 Hip) contains periodic points of index less or equal to dim(£'j s E ) + 1. Since the 
index of the class is unique, one has dim(£ , j^) = d\m{E) — 1. We have thus shown that 
the class contains periodic points whose dim(.E)-th Lyapunov exponent is arbitrarily close 
to zero. These points are dense in H(p), hence by corollary 11.11 the bundle E splits again 
as E' © E{ with dim(Ef) = 1. 

From these two last cases, we claim that the bundle E' is uniformly contracted: otherwise 
one would apply Theorem [lj but each case given by the theorem would imply that the class 
H(p) contains periodic orbits of index smaller or equal to dim(£") which is a contradiction. We 
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then study the type of E^: the dynamics along E\ above the periodic points is contracting, 
hence E\ cannot have type (N), (P) or (H)-repelling; by proposition 14.21 it cannot have type 
(R) either since this would imply that the class also contains periodic points of index dim(.E s ). 
As a consequence E\ has type (H)-attracting. 

The same argument applies to the other bundle F. This concludes the proof of the addendum 
A and of the main theorem. 

Finiteness. There could be apriori countably many homoclinic classes. However we have: 

Any diffeomorphism f G 1Z has only finitely many homoclinic classes whose central bundle 
is two-dimensional. 

Proof. Let H{0) be a homoclinic class of / G 1Z whose non-hyperbolic central bundle E\ © E\ 
has dimension 2. From corollary there exists C > and a > 1 such that for any x G H{0) 
and any unitary vectors u G E\ x and v G E^ x , one has for any n > 0, 

\\Df n .u\\ < Ca~ n \\Df n .v\\. 

Note that a does not depend on the class H(0) but only on the uniform domination associated 
to periodic points of index d\m.{E s © Ef). One fixes a G (0, logo"). 

The class contains periodic orbits whose Lyapunov exponent along E\ is arbitrarily close to 
and by domination, one deduces that the Lyapunov exponent along E^ for these orbits is larger 
than a > 0. The same property holds for E%: the class contains some periodic orbits whose 
Lyapunov exponent along Ef is smaller than — a < and whose Lyapunov exponent along E2 is 
close to 0. The transition property of |BDP| now implies that the class contains periodic orbits 
O' whose Lyapunov exponent along E^ is close to — | (and, by domination, whose Lyapunov 
exponent along E 1 ^ is larger than |). 

Let A = e~ b where b (close to — |) is the Lyapunov exponent of O' along E\. There exists a 
point p G O' such that for each n > one has: 

\\Dffo(p)\\<X n . 

If t is the period of p, then ||-D/j^ c (p)|| = A r . Hence for each n > one has: 

p/g(p)ir l = p/r E c(/ r - n (p))ii>A 71 . 

By the domination, one deduces that there exists some uniform constant C > such that 

\\Df-£(p)\\<C.e- n -f. 

Arguing as in proposition 11.41 one deduces that H{0) contains a periodic point whose stable 
and unstable manifold have uniform sizes. 

If one assumes that there exists an infinite number of such distinct homoclinic classes H((Dn)i 
one considers a sequence of such periodic points p n G H(O n ). Taking an extracting sequence, the 
uniform size of the invariant manifolds implies that all the periodic points p n are homoclinically 
related, contradicting the fact that the homoclinic classes are distinct. □ 
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